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Sharp Adams and Moser-Trudinger inequalities on 
and other spaces of infinite measure 

Luigi Fontana, Carlo Morpurgo 


Abstract. We derive sharp Adams inequalities for the Riesz and other potentials of functions with 
arbitrary compact support in M"". Up to now such results were only known for a class of functions whose 
supports have uniformly bounded measure. 

We obtain several sharp Moser-Trudinger inequalities for the critical Sobolev space W'^’a on M” and 
on the hyperbolic space H"'. The only known results so far are for a = 1, both on and H"", and for 
a = 2 on R”. Other sharp inequalities are obtained for general elliptic operators with constant coefficients 
and for trace type Borel measures. We introduce critical potential spaces on R" on which our results can 
be extended to noninteger values of a. 


Table of contents 

1. Introduction 

- Theorem 1: Inequalities a la Ruf, for the Riesz potential and the higher order 
gradients on R"" 

- Corollary 2: Inequalities a la Adachi-Tanaka, for the Riesz potential and the 
higher order gradients on R"' 

- Theorem 3: Inequalities on measure spaces with arbitrary measure 

- Corollary 4: Inequalities for integrabie potentials on R”' 

2. Adams inequalities eor general homogeneous Riesz-like potentials 

- Theorem 7: Adams inequalities a la Ruf 

- Corollary 8: Adams inequalities a la Adachi-Tanaka 

- Proof of Theorem 7: overview and preliminary lemmas 

- Proof of Theorem 7 

- A simple proof of an Adams inequality a la Adachi-Tanaka 

- Proof of Corollary 8 

- Proof of Theorem 1 

3. Proof of Theorem 3 

- Proof of Corollary 4 

- Proof of Corollary 6 

4. Further consequences of Theorem 3 and Theorem 7 

- Theorem 15: Inequalities for elliptic operators with constant coefficients 

- Theorem 18: Inequalities in hyperbolic space 

This work was partially supported by NSF Grant DMS-1401035 and by Simons Foundation Collaboration 
Grant 279735 


1 



5. Further results and extensions 

- Inequalities in critical potential spaces 

- Inequalities for more general Borel measures 

- A sharp Trudinger inequality on bounded domains without boundary conditions 

6. Appendix 


1. Introduction 


It is well-known that if O is a bonnded open set in M” with smooth enongh bonndary, 
and a is an integer snch that 0 < a < n, then there exist constants 7 , (7 > 0 snch that 




dx < C 




( 1 ) 


for every fnnction u G snch that < 1. Here IF“’P(0) denotes the nsnal 

Sobolev space of fnnctions u G Lp( 0) having all derivatives np to order a also in Lp( 0). 
More generally, snch resnlt holds also for noninteger a, provided we interpret as 

the space of Bessel potentials of order a, restricted to O; for a proof see the papers by 
Strichartz [Stl, St2], and the celebrated paper by Trndinger [Tr] for the case a = 1. 

The problem of hnding the sharp version of (1) goes typically as follows: given a 
subspace B o/IF“’“(n), endowed with a norm || ■ ||b equivalent to the usual norm in 
IF“’« (O), what is the largest interval ofy’sfor which (1) is valid uniformly, as HrUb < 1 ? 
The largest snch 7 , if it exists, is called the best constant for (1), relative to the space 

(B. MIb). 

The most famons resnlt in this direction is dne to Adams [A] who fonnd the best 
constant for the space B = IFq ’“(O), endowed with the norm || where a is an 

integer, and V“ is the higher order gradient, dehned as 


V“ = 


(-A)t 

V(-A) 


OL—1 

2 


if a even 
if a odd. 


( 2 ) 


Adams’ resnlt generalized an eqnally famons resnlt dne to Moser nearly two decades earlier 
[Mo], who fonnd the best constant in the case B = Adams’ method relies on a 

sharp exponential ineqnality for the Riesz potential 


la* fix) = / ^fiy)dy. 


Using O’Neil’s Lemma and other technically challeging 1-dimensional estimates, Adams 
proves that there is (7 > 0 depending only on |0|, snch that for every / with ||/||n/a A 1 


exp 




\Bi\ 


\Ia * /(a:) I "2c 


dx < (7, 


\Bd = 


^n—l 


n 


( 3 ) 


2 



where u^n-i is the volume of the (n — 1)—dimensional sphere, and where uniformity in / 
is lost if is replaced by a larger constant. Using that each u G C^(Q) (or each 

u G Wq (bl)) can be estimated sharply in terms of the Riesz potential of iV^nl G (bl), 
via the identities 


u 


Cala * Uj if a even _ 

Ca+iVIa+i *'V{—A)^~u if a odd “ 2“7r’^/2r(^) 


Adams hnds that the best constant for (1), when B = (O) is given by 


(4) 


^n,c 


:= < 


I Si 


((n - a - l)cc,+i) 

LBd 


if a even 
if a odd. 


(5) 


Inequalities such as (1) and (3) are referred to as Moser-Trudinger (MT) and Adams 
inequalities, respectively. 

Since Adams’ work, countless papers have been published on sharp Moser-Trudinger 
and Adams inequalities in various forms and settings. Often, such results were motivated 
by questions in conformal geometry or nonlinear PDE, but it is fair to say that over the 
years the challenge of Ending best constants in inequalities such as (1) and (3) has taken a 
life of its own, generating a rather active area of research. In particular, the sharp Moser- 
Trudinger inequality in the form (1) is now very well understood on Wq’ “ (O) when O is an 
open subset with finite measure of a Riemannian or subRiemannian manifold. Likewise, 
Adams’ inequality in the form (2) is completely understood even on arbitrary measure 
spaces with finite measure, where la * f is replaced by a general integral operator [FMl]. 

On the contrary, when fl has infinite measure^ relatively few sharp Moser-Trudinger 
inequalities exist for the space More importantly, no version of the Adams 

inequality for the Riesz potential exists even when O = In our opinion the literature 
dealing with Moser-Trudinger inequalities on is somewhat confusing; below we will try 
to summarize what we consider the most important achievements on this subject. 

First off, if |0| = cxD, inequality (1) is obviously false, and the exponential needs to be 
suitably regularized when u is near 0. The standard way to do this is to consider 


exp^(t) = e* - ^ , iV = 0,1,... 


and recast (1) into the inequality 




exp[«_2] {^\u{x)\^-^'^dx < C 


( 6 ) 
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where [x] denotes the ceiling of x, i.e. the smallest integer greater or eqnal x, for a: G M. 
If O has inhnite inradins it is not hard to hnd a family of fnnctions u with ||V“'u||n/a = 1, 
along which ( 6 ) is false for any 7 > 0. For snch O’s in general ||V“'u||^/q, is not a norm 
in IFq (O), however, nsing a Sobolev norm, ineqnality (6) withont sharp constants, was 
derived hrst by Ogawa [Og] when n = 2 , a = 1 , and by Ozawa [Oz] for arbitrary n and 
a < n, in the case O = In particnlar, snch resnlts were obtained nnder the condition 


max{||n||n, ||Vn||n} < 1 , u e 


( 7 ) 


in [Og] and 

maxlllwll^/^, < 1, (8) 

in [Oz], Clearly the qnantities on the LHS of (7) and ( 8 ) are nor m s in the corresponding 
Sobolev spaces, and can be replaced by any other eqnivalent norms, since the exponential 
constants are not sharp. Also, note that the resnlts in [Og], [Oz] are valid on IFq ’“(O) 
any open Q C M”, or on IF“’a( 0 ), if Q is smooth enongh. 

The sharp version of ( 6 ) was hrst obtained for a = 1 by Cao [Cao] in dimension 2 and 
by Panda [Pa] and Do O [DoO] in arbitrary dimension, who proved that nnder condition 

( 7 ) 

/ exp „_2 < C (9) 

JM" ^ '' 

1 

when 7 < '•/n,! — nu^Zi , the original Moser sharp constant. A conple of years later 
Adachi and Tanaka reproved Cao and Panda’s ineqnality and cast it in the eqnivalent 
dilation invariant form 



exp,7-2 


7 


VllV^IUy' 


n 

n — 1 


dx < C 



uE \ { 0 }. 


( 10 ) 


Moreover, Adachi and Tanaka [AT] verihed that the above ineqnality (10) fails if 7 = 7 ^ 1 
by means of the nsnal Moser seqnence, along which the left hand side is bonnded away 
from 0 (in fact bonnded above too by Moser’s ineqnality), whereas the right hand side 
tends to 0. From now on we will refer to (9) nnder condition (7), or eqnivalently (10), as 
the Adachi-Tanaka ineqnality. 

In 2008 Li-Rnf proved that (9) holds at the critical constant 7 = 7^,1 for the nsnal 
Sobolev norm, namely nnder the Ruf condition 


11^.11-+ ||Vr.||:]<l (11) 

and verihed that the ineqnality fails if 7 > 7^,1 along the nsnal Moser seqnence [LR]. This 
resnlt was hrst proved for n = 2 by Rnf, three years earlier [Rnf]. With a simple dilation 
argnment it is easily seen that Rnf’s ineqnality implies Adachi-Tanaka’s ineqnality (See 
proofs of Corollaries 2 and 8 ). In the context of the Heisenberg gronp the Li-Rnf resnlt was 
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obtained recently by Lam and Ln [LLl], and on general noncompact Riemannian manifolds 
Ynnyan Yang [Y] proved that the corresponding Moser-Trndinger ineqnality holds for for 
7 < 7n,i, nnder the Rnf condition (11). 

In [LL2, Thm 1.5] Lam-Ln established (9) for 7 = 7^,2 nnder the condition 

\\<'n + IIA«llbl < 1 . (12) 

which is the second order version of the Li-Rnf resnlt. Lam-Ln obtained this resnlt by re- 
dncing it to the sharp Moser-Trndinger ineqnality on bonnded domains with homogeneons 
Navier bonndary conditions, derived in [Tar]. 

Recently, Ibrahim-Masmondi-Nakanishi [IMN] (n = 2) and Masmondi-Sani [MSI] 
(n > 2 ) derived the following more rehned ineqnality 



exp^-2 


||Vu||„<l, ||m||„ < 1 


(13) 


which incorporates Li-Rnf’s resnlt. In [MS2], Masmondi-Sani proved that for a = 2, n = 4 



expo (74,2l'^(^)l^) 

(1 + hl)^ 


dx < C, 


||Am ||2 < 1 , ||m ||2 < 1 


(14) 


which implies (in dimension 4) the Lam-Ln sharp ineqnality nnder condition (12). Even 
more recently, (14) was extended to all dimensions in [LTZ]. 

The higher order versions of Li-Rnf, Lam-Ln, or Masmondi et al. resnlts for a > 2 
are not known, if the norm of u is to be controlled only by the norms of u and 

V^n.. In particnlar, for integer a G (0,n), the best constant for the ineqnality 



exp[^_ 2 ] 


7 |'u(a:)| )dx < C 


(15) 


nnder the Rnf condition 



nja 
Til OL 


+ ||V“w 


nj cx. 
nj a. 


<1, 


is not known, except for the cases discnssed above, a = 1, and a = 2. 

More generally, the sharp Adams ineqnality for the Riesz potential on 



exp[^_ 2 ] 



/(a:)|jda; < C 


(16) 


(17) 


for all / G (R"^) snch that /q * / is well dehned and in 


with 


"/“ + ||/a*/|r/"<l, 

n/oL ' II ^ d \\n/OL — ’ 


(18) 


it is not known for any valne of a G (0,n). Argning like in [A] nsing (4), it is clear that 
is a is even, (17) and (18) imply (15) nnder condition (16) with 7 = 7 n,a. The relation 
between (18) and (16) is not so trivial in the case a odd (see proof of Theorem 1). 
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It is worth noting that the known resnlts on sharp Moser-Trndinger ineqnalities nnder 
the Rnf condition or the Masmondi-Sani type condition, nltimately rely on symmetrization 
tools snch as the Polya-Szego ineqnality and Talenti’s comparison theorem, which are not 
snitable to derive the corresponding Adams ineqnalities, at least for arbitrary orders. 

The Rnf norm in (16) is in some sense minimal, in regard to the nnmber of derivatives 
that it involves. Under norm conditions more restrictive than (16) sharp higher order 
resnlts do exist. Indeed, the sharp ineqnality in (15) holds for any a G (0,n) nnder the 
condition 

||(/-A)tr.|U/, <1. (19) 

This resnlt goes back to Adams, who proved it for a = 2 in his original 1988 paper 
[A, Thm. 3]. Strictly speaking, Adams proved that if O an open and bonnded set with 
measnre |11| < 1, a = 2 and if n. G (R"-) satishes (19), then the basic Moser-Trndinger 
ineqnality (1) holds at the critical index 7n,2- To prove this resnlt Adams modihed slightly 
the proof that he gave of (3) for Riesz potentials on (O), adapting it to Bessel potentials 
on (K”); in particnlar, he proved that for a = 2 there exists (7 > 0, independent of O, 
snch that 

f exp -^\Ga* f{x)\^ dx<C, ll/lln/a < 1 (20) 

Jn U-^il 

where Ga denotes the nsnal Bessel potential. In this setting it is not necessary to have be 
a bonnded open set, it’s enongh that fl be measnrable with measnre < 1. Adams’ proof of 
(20) for a = 2, however, is actnally working for any a G (0,n), after trivial modihcations; 
it appears that the only reason why Adams considered a = 2 is becanse in this case the 
norm in (19) coincides precisely with the nsnal fnll Sobolev norm on W‘^’^. The fact that 
the Bessel potential kernel G^ decays qnite well at inhnity is what, at the end of the day, 
makes Adams’ proof go throngh with few modihcations from the hnite measnre case. We 
shall retnrn to this point shortly. 

It mnst be noted that (20), valid for any measnrable O with |0| <1, implies that (and 
it is in fact eqnivalent to) 

^^exp[i_ 2 ] < ( 7 , ||/||n/a < 1- (21) 

The proof of this fact is rather straightforward: write = O U with O = {x : 
\Ga * fix) \ > 1}, and split the integral accordingly. Clearly, |11| < 1, (since ||Gq * fWn/a < 
||/||n/a < 1)5 and the integral over 0° can be estimated by \\Ga * f\\n/a by writing the 
exponential as a Taylor series. This observation applies also to (17), (15), and all the other 
ineqnalities on or on spaces with inhnite measnre. In short, the regnlarized exponential 
is nothing more than a gimmick, and can be replaced by the nsnal exponential provided 
that the resnlting ineqnality holds on measnrable sets of measnre no greater than 1. In 
section 2 we will state an elementary “Exponential Regnlarization Lemma”, which will be 
nsed implicitly thronghont this paper, in order to pass from ineqnalities over sets of hnite 
measnre to ineqnalities over the whole space. 


6 



Unaware of Adams’ result, Ruf-Sani [RS] proved (15) under the condition (18) when 
a is an even integer, not using the Bessel potential approach, but rather comparison 
theorems for suitable Navier boundary value problems. Recently, Lam-Lu [LL2] presented 
a complete proof of the same result for any a G (0, n), using the Bessel potential approach. 
In this paper we derive both the sharp Adams and Moser-Trudinger inequalities on 
for the full range of a, under the Ruf conditions (18) and (16) respectively: 

Theorem 1. If 0 < a < n there exists a constant C = C{a, n) such that: 

(a) For every measurable and compactly supported f : —)■ R such that 


, , + ||/a */|r7 < 1 

'n/ix II ^ ''iin/a — 

and for all measurable E C R"" with \E\ < oo, we have 

1 


exp 


'E 


iRi 


\Ia * /(a:)!"-'^ 


dx<C{l + \E\) 


and 


exp[^_2] 




n 


dx < C. 


(b) If a is an integer then, for every u G lU“’a (R”) such that 


i“ii:/:+iiw«iib:<i 


and for all measurable E C R"" with \E\ < oo, we have 


( 22 ) 


(23) 


(24) 


(25) 


exp 


' E 


7ii,..l«(^)l'‘““ dx<C{l + \E\), 


(26) 


and 


exp[i_2] 


yn,a\u{x)\^-- 


dx < C. 


(27) 


(c) If \E\ > 0, the exponential constants in (23), (24), (26) and (27) are sharp, that is, 
they cannot be replaced by larger constants under the corresponding conditions (22), 
(25). 


As an immediate consequence of Theorem 1 we have a version of the Adachi-Tanaka 
result, with sharp control on the right hand side constant. We will in fact consider a more 
general result for the family of Sobolev norms 


L,||W« , 


|V“w 


I qiijOL 
In/a 


I < q < +CXD 


for which the exponential inequality at the critical index fails. 
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Corollary 2. If a is an integer, 0 < a < n, there exists C = C{n, a) > 0 such that for 
0 < 9 < 1 and 1 < q < +cxd, and for all measurable E C with \E\ < oo 


exp 


' E 


and 


6 ' 7 n,a|w(a:)|"-“ dx <C{1 - 9) (1 + |E|), 

n 1 _ 1 

9'-^n,a\u{x)\'^ dx <C{1 - 9) 


/ expp_2] 

for all u e such that 

max{||u||„/„, ||V“u||„/„} < 1, if 9 =+oo. 


(28) 

(29) 


(30) 


The inequalities (28),(29) are sharp, in the sense that for given q G (1, cxd], there exists a 
family of functions ug G « (M"") satisfying (30) for which (28) and (29) are reversed; in 
particular, the exponential integral cannot be uniformly bounded if 9 = 1. 


See also the recent papers [CST] and [LLZ], where the relations between the Li-Rnf 
and the Adachi-Tanaka type resnlts as in (30) are explored in more detail. 

A relevant aspect illnstrated by Corollary 2 is that the sharp ineqnalities (26) and 
(27) of Theorem 1 do not hold nnder (30) when q > 1, whereas they do hold when q < 1, 
since the g—norms in (30) are greater than the Rnf norm when q < 1. This partly jnstihes 
the claim that among all possible natnral Sobolev norms in 1 T“’« (M"^) that involve only u 
and V^n., the Rnf norm yields the least restrictive condition nnder which a sharp Moser- 
Trndinger ineqnality of the type (15) holds at the critical constant 7 = 7 n,a- 

Note that in the case q = 00 one can immediately obtain a general dilation invariant 
version of Adachi-Tanaka analogons to (10): 



exp[^_2] 



n n 

V“n.||n/a/ J (1 - ^) V ||V"'u||n/a/ 


valid for all u G 1T“’« (M”) \ {0}. This is achieved by hrst by replacing u with 'u/|| V“'u||n/a 
in (29), and then by making the change of variable x —)■ Xx, with A“ = ||'u||n/a/|| 

Another perhaps interesting observation, is that Corollary 2 implies the following weak 
Masmondi-Sani type ineqnalites: 



expp_ 2 ] 


'ln,a\u{x)\^-- 

—(T- - -dx < Cq, 


(1 -f |w(a:)|) 


valid for 1 < g < cxD and for all u snch that ||'u||^y“ + 

— ^ iiiin/a ii iin/a 


< 1 , and 



exp[i_2] 


7n,a\u{x)\"-<^ 


(1 + |'u(a:)|) 




, C 

■dx < —, 
e 


(31) 


( 32 ) 



for all e > 0, and for u such that ||'u||n/a < 1 ^ind ||V“'u||^/q, < 1. These inequalities 
can be obtained by taking i? = {n, > 1} in (28), and integrating in 9 directly, or after 
multiplying by (1 — Oy. Better inequalities can be obtained with this method, but still 
without reaching the optimal Masmoudi-Sani type of result. 

A few remarks are in order here regarding the Riesz potential as an operator on 
the critical space. It is easy to see that for / compactly supported and in (M"^) 
the potential la * f is well dehned almost everywhere, and for large a: it is a contin¬ 
uous function that decays at least as However, the Riesz potential cannot be 

extended to a continuous operator on L«. In fact, consider the sequence of functions 
fkix) — X 2 <p|<a:(^)I^I~'^/1 ^1’ which converges in to a function /, but pointwise 
la * fk{x) — )■ -l-cxD (hence la * f = +CXD on M"".) It is however possible to extend the class 
of functions for which a potential is dehned, by hrst adding the requirement that such 
potentials be in L«, and then by constructing the smallest closed extension of the Riesz 
potential, as a densely dehned operator from to itself. Details of the construction of 
these critical potential spaces will be given in section 5, where we state a version of The¬ 
orem 1 valid for all a G (0,n). For a < nj^ these spaces coincide with the usual Bessel 
potential spaces, but it is unclear whether or not this holds for all a < n. 

Theorem 1 was our main motivation, however in this paper we will obtain more 
general results at a minimal extra cost. Specihcally, we will obtain a version of Theorem 1 
for convolution operators of form 

Tgf{x)=[ g{x-y)f{y)dy (33) 

where g{x) is a nonnegative homogeneous function of order a — n, in the same spirit as the 
results in [FMl] and [CL] in the context of sets of hnite measure. The sharp constant in 
this case is given by 

7— I 

Js^-1 \g[oj)y-<-du 

provided that g is smooth enough. This result will be also derived for vector-valued kernels 
g{x — y), whose components are nonnegative and homogeneous of order a — n; in this case 
the operator in (33) will be acting on vector-valued functions, and the sharp constant is 
still given as in (34) (see Theorem 7). We will use this more general Adams inequality to 
obtain the Moser-Trudinger inequality in Thm 1 b) for general invertible elliptic operators 
which are homogeneous of order a < n (see Theorem 15). 

Our method also allows us to obtain, with minimal modihcations, the results in the 
form (23), (26) when the non-regularized exponential is integrated against a general Borel 
measure u satisfying 


z/(i?(a:, r)) < Vx G M"", r>0 

for some Q > 0 and a G (0,1]. The resulting Adams/Moser-Trudinger inequalities anal¬ 
ogous to (23) and (26) are of trace type, and the sharp constant in this case is < 77 ^,a- 
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Similar results hold for the general operators as in (33). Examples of such measures are 
the Hausdorff measures on submanifolds of Another example is the “singular measure” 
with density which was considered for example in [LL2] and [AY], and in other 

papers dealing with domains of hnite measure. For those measures, and even for more 
general ones, we can even obtain the results in the full regularized form over the whole 
ans in (24), (27). For sake of clarity we will not state our main results for such more 
general measure, however in section 5 we will provide a few explicit statements. 

In this paper we also treat the case of non-homogeneous potentials and operators; 
ironically, these are considerably easier to handle, given the current abstract Adams’ ma¬ 
chinery developed in [FMlj. In an effort to understand the results in [RS] for the Bessel 
operator (/ — A) ^, and unaware of the results in [LL2], we soon realized that the abstract 
results in our paper [FMl] could have been easily extended to treat spaces of inhnite mea¬ 
sure, by simply adding one integrability hypothesis. Specihcally, suppose that (M, fi) and 
(A, u) are measure spaces and suppose that that T is an integral operator of type 


Tfix)=[ k{x,y)f{y)d^i{y), xeN, 

Jm 

with k : M X N ^ [—oo, oo] a, u X measurable function. Dehne 


kl{t) := sup[k{x,-)]*{t), k^it) := sup [k{-,y)]*{t) 

xeN yeM 

where k[{x, •)]* is the nonincreasing rearrangement of k{x,y) with respect to y for hxed x, 
and k[{-,y)]* is its analogue for hxed y. Then the following theorem holds: 

Theorem 3 (Refined Adams inequality on measure spaces). Let ^{N) < oo and 

/c*(t) < A^t“^(l + R(l + |logt|)“^), 0<t<l (35) 

k^it) < Bt~'^ j t>0 (36) 

1 ^OO 

J;=_y {kl{t)ydt<oo, (37) 

for some jd > 1 and 0 < a < 1. Then, Tf is finite a.e. for f E (M), and there exists a 
constant C = C{j3, a, 7 , A, B, H) such that for each f E (M) with \\f\\j 3 ' < 1 





diy{x) <Ce^-^{l + J + iy{N)). 


(38) 


If the condition ixiN) < 00 is dropped, then for all f E (M) such that ||/||/ 3 ' < 1 we 
have 


In 


exp[;3'-2] 


A 


irf(xp 


<C’e“^(i + j + ||r/|i^:). 


(39) 
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The proof of this theorem amounts to some straightforward modihcations in the proof 
of Theorem 1 in [FMl], using the new added condition (37), which effectively replaces 
/u(M) < oo. We also decided to track down the the dependance of the right-hand side in 
terms of J and iy{N), which is used later in Corollaries 4 and 6, and might turn out to be 
useful in other instances. 

The most obvious application of Theorem 3 is to convolution operators on 
Corollary 4. Let 0 < a < n and suppose that '■ \ {0} —)■ M satisGes the conditions 

Kjx) = g(x*)\xr-^ + 0(\xr-^+n, \x\<R,x* = ^ (40) 

\x\ 

e n (\x\ > R) (41) 

for some e,R > 0, where g G L"-“ (5'"'“^). Then * / is Gnite a.e for f G and 
there exists C > 0 such that for all f G (M"') with ||/||n/a < 1? and for each measurable 
E C M"' with |i7| < cxD 

[ exp * f{x)\^ dx < C{1 + \E\), (42) 

Je V^g 

where 

Ag = -f \g{uj)\^duj. (43) 

J 

Moreover, 

K^*fix)\^ dx<C{l + \\K^*frJp. (44) 

for all f G L^iMT) such that ||/||n/a ^1- If 9 Is smooth, then the exponential constant in 
(42) (if \E\ > Oj and in (44) is sharp. 

Note that the “big O” notation in (40) means that |0(|a;|““”+'^)| < for 

|a:| < R. 

The proof of the inequality of the above corollary requires only to verify that conditions 

(40) and (41) imply (35), (36) and (37), with k(x,y) — Ka(x — y), and /? = Some 
of this has already been done in [FMl] in the context of hnite measure spaces ([FMl, 
Theorem 8, Lemma 9]). The crucial point here, however, is the integrability condition in 

(41) , which appears to be the bare required minimum in order for the Adams’ machinery 
to work in the inhnite measure case, in addition to the usual local behavior of the the 
kernel. Condition (41) is what also markedly singles out the purely homogeneous case 
Ka(x) = g{x*)\x\'^~'^, treated separately in Theorem 7. 

Generally speaking non-homogeneous invertible elliptic operators will have a kernel 
satisfying (41), and for those operators a sharp Moser-Trudinger inequality will hold. As a 
hrst example, consider the Bessel potential (/ — A)'^, whose fundamental solution Gct{x) 
behaves like the Riesz potential locally, and decays exponentially at inhnity. In fact an 
immediate consequence of Corollary 4, and the fact that ||Gq, * /||p < ||/||p, is the afore¬ 
mentioned results by [A, Thm. 3], [LL2] and [RSj: 
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Corollary 5. If 0 < a < n then there exists C such that for all u G (R"^) so that 


||(/- A) 2^11^ < 1 


we have 

/ expr™_2] 

Jr^ 

and the exponential constant is sharp. 

In this paper we define i7“’« (R"^) to be the space of Bessel potentials, which is known 
to coincide with the standard Sobolev space for a integer. In section 5, Theorem 21, 
we will give a version of Corollary 5 where u is subject to the Ruf condition 11^11^^“ + 

In section 4, Theorem 15 we will show that if P is any non-homogeneous, elliptic, 
invertible, linear partial differential operator with constant coefficients, under the assump¬ 
tion that a > nl2 its inverse has a kernel satisfying (40) and (41), and therefore a sharp 
Moser-Trudinger inequality holds for such P. 

Yet another important application of Theorem 3 is in the hyperbolic setting: in section 
4 we will derive a sharp Moser-Trudinger inequality in the full hyperbolic space for the 
higher order gradients, extending recent results by Mancini-Sandeep-Tintarev [MST] and 
Lu-Tang [LTl], [LT2]. 

It should be remarked here that Corollary 4 can be likely formulated so as to accom¬ 
modate more general (non-convolution) kernels satisfying 

Kc,{x, y) = g{x, (x - y)*)lx - P 0 {\x - 2 / 1 ““'"+"), 

together with suitable integrability and boundedness conditions at infinity, in the same 
spirit as in [FMl, Thm. 8 ]. 

Another easy consequence of Theorem 3 in the case of homogeneous Riesz-like poten¬ 
tials on finite measure spaces, is the following slightly more general version of the sharp 
Adams trace inequality given in [FMl]: 

Corollary 6. a) Let u be a positive Borel measure on R"". Assume that there exist Q > 0 
and a G (0,1] such that 




|'u(a:)p 


dx < C. 


(45) 


p{B{x, r)) < Vx G R"", Vr > 0. (46) 

Let g he homogeneous of order a — n on R” (0 < a < n) and with 27/5^1-1 G (5'"^“^). 

If Tgf = g * f, then there exists C = C{n, a, a, Q) such that for all E, F C R"' with 

i^{E) < 00 , |F| < cxD and for all f G L"'/“(R"') with ||/||n/a < 1 and supp / C F we have 



a 


^\Tgf{x)\^^ 




diy{x) < C{1 + |F|) (1 + log+ |F| + z/(E)). 


(47) 
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For given E and F, if g is Holderian of order d G (0,1] on S'^~^ and there exists a ball 
B{xq, ro) such that \B{xq, tq) fl F| = \B{xo, 'ro)|, and u{B{xq, r) fl E) > cir'^"' for r < rg, 
with Cl > 0, then the exponential constant is sharp. 

b) If u =Lebesgue measure, then (47) can be improved as 







dx < C{\E\ + |F|). 


(48) 


and the inequality is sharp under the same conditions as in a). 

The condition that F contains a ball (np to a set of zero measnre) which has enongh 
mass shared by E, is essentially necessary in order to gnarantee sharpness in the above 
corollary. In general the sharp exponential constant will depend on the relative geometry 
of the sets E and F: the less the mass they have in common, the larger the sharp constant. 
This is a reflection of the fact that the potential becomes “less effective” as the sets E and 
F get more and more separated (in this regard, see [FMl, Remark 3, p. 5112]). 

Note that (48) in the case E = F vas hrst obtained by Cohn-Ln [CL, Theorem 1.5]. 


Finally, we believe that the techniqnes developed in this paper conld be adapted to 
other settings, snch as the Heisenberg gronp or other noncompact manifolds. For example, 
on the Heisenberg gronp one conld consider a version of Theorem 1 for the powers of the 
snblaplacian, which wonld extend the resnlts in [LLl] to higher order operators. 

2. Adams inequalities for general homogeneous Riesz-like potentials on M” 


From now on g : \ {0} —)■ M will denote a homogeneons f un ction of order a — n, 

that is 

g{x)^ g{x*)\x\^-^, 

\x\ 

and Tg will denote the convolntion operator 

Tgfix) = (g* f)ix) = [ g{x- y)f{y)dy. (49) 

We dehne Tgf on vector-valned fnnctions in the same way, with the nnderstanding that 
^ = (^l,-,^m), / = (/l,...,/m), gf = gifl + -+gnifm, |/| = (/f + ... + /^)^/^ (50) 

where each gj is homogeneons of order a — n. Additionally, we will let, for / = (/i,.., fm) 

f+ = (/+,...., /+), /- = (/f,..., /-) (51) 

where fj~ and f~ denote the positive and negative parts of fj. We will say that a vector / 
is nonnegative if each component of / is nonnegative. The resnlts and their proofs below 
are valid for the vector-valned case with the above conventions; we will not distingnish 
between the scalar case and the vector-valned case, except in a few isolated instances. 
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Theorem 7 (Adams inequality a la Ruf). If 0 < a < n and g is nonnegative and 
Lipischitz, then there there exists a constant C = C{a, g, n) such that for every measurable 
E C with |i?| < cx) and for all compactly supported f with 

ii/ii:^:+iirp/ii:^:<i ( 82 ) 

we have 

I exp ^ |Tg/(a:)|^^ dx<C{l + \E\). (53) 

J E l^g J 

where 

Ag = -f \g{u)\^du}, (54) 

n J 

and also 

^^exp[^_ 2 ] -^\Tgf{x)\^ dx <C. (55) 

If g & C'^"'(5'"') and \E\ > 0, then the exponential constant in (53), and also in (55), 
is sharp, i.e. it cannot be replaced by a larger number. 

If g changes sign then the above results continue to hold for all compactly supported 
f satisfying the additional pointwise condition: for all a G 

\Tgfix)\< [ \9ix-y)\\fiy)\dy + Ci\\Tgf\\^/^, |a: - a| < 1 (56) 

d\y-a\<2 

almost everywhere, where Ci is a constant depending only on a and n. 

It is important to point out that the constant C on the right-hand side in (53) is 
independent of the measure of supp/. Indeed, as stated in Corollary 6, there exists C 
depending only on a, n, g so that for given measurable sets E, E with finite measure and 
for all functions / with supp f E and ||/||n/a < 1 we have 

f exp |Tg/(a:)| dx < C[\E\ + {E]) (57) 

J E l^g 1 

(the nonnegativity of g is not needed here). We will give a proof later, however this 
inequality can first be verified for |F| = 1 using O’Neil’s inequality and the Adams-Garsia 
lemma as in [FMl], followed by a dilation. The point is that one cannot hope to make the 
right hand side of (57) to be independent of |F| without further restrictions on ||Tg/||„/Q,. 
Indeed, it is possible to find a family of functions fr supported on balls F = 5(0, r) with 
||/r||n/a < a^d with even the further restriction that \\Tgfr\\n/a < which the 

inequality in (57) is reversed for any given E with positive measure, for all r large enough 
(see proof of Corollary 8). The stronger “Ruf condition” in (52) is precisely what it is 
needed in order to compensate for the lack of control on the support of /, or rather its 
measure. 

In the same spirit as Corollary 2 we have the following general Adachi-Tanaka type 
result: 
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Corollary 8 (Adams inequalities a la Adachi-Tanaka) . If 0 < a < n and g is 

nonnegative and Lipschitz, then there exists C = C{a,g,n) such that for 0 < 9 < 1, 
1 < q < +CXD, for all E C with \E\ < oo and for all compactly supported f with 



f ll/ll W + wtjcT < 1. ill < °° 



(68) 

1 niax{||/||^/„, ||Tg/||^/„} < 1, ifq = -Fcx). 

we have 

[ exp -^\Tgf{x)\^ dx <C{1-9)~T{1 + \E\) 

(59) 

and also 

/ w .... n , 

(60) 


/ expp_ 2 ] — |Tg/(a:)|"-“ dx<C{l-9) •?'. 


Inequalities (59) and (60) are sharp, in the sense that if\E\ > 0 and g G then for 

given q G (1, cxd], there exists a family of functions fg & (M"') satisfying (58) for which 

the inequalities (59) and (60) are reversed; in particular, the exponential integral cannot 
be uniformly bounded if 9 = 1. 

We observe here that the proof of the original Adachi-Tanaka estimate {q = -|-cx)) 
withont sharp control on the right-hand side in terms of 9, does not reqnire the fnll Theo¬ 
rem 1, and it is mnch simpler to prove directly with the methods given in this paper. We 
will present this argnment later in this section. 

Proof of Theorem 7: Overview and preliminary lemmas 


Let us hrst state an elementary lemma, which is more like an observation, with the 
hope of clarifying once and for all the equivalence between exponential inequalities on sets 
of hnite measure and regularized exponential inequalities on sets of arbitrary measure. 

Lemma 9 (Exponential Regularization Lemma). Let {N, u) be a measure space and 
1 < p < oo, a > 0. Then for every u G Lp{N) we have 




p 

p' 


In particular, the functional exp^_ 2 ^ ] is bounded on a bounded subset X of L^, 

if and only if exp ] is bounded on X. 

Proof. Recall that [p — 2] is the smallest integer greater or equal p — 2 . To start, write 
N = {N r\ {u < 1}) U (A n {n. > 1}), and split the middle integral accordingly. The 
estimates then follow from the Taylor’s series of and straightforward considerations. 


/// 
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Note also that for any measurable EON with iy{E) < cxd we obviously have 


du < 


'E 




dE + e^E{E). 


From now on we will only focus on exponential integrals over sets of hnite measure, 
since all the inequalities that involve regularized exponentials stated in this paper can be 
deduced at once from this case, just by appealing to the lemma above. 

Let us now note that it is enough to prove the theorem in the case \E\ < 1. This is 
because of a dilation argument that will be also used later on. The observation is that if 
fxix) = X^fiXx) then 


ii/aI|„/c = ii/ii„/c. EMx/x) = Tj(x), iii;/a|i:;^: = A-"iir,/ii::' 


\ril OL 


and 


exp 


<E 




dx = X^ / exp 
Je/x 




dx. 


(61) 

(62) 


Hence, (57) follows for general E with hnite measure, if it’s known for |i7| = 1, by taking 
A = \E\^/^. 

To get to the heart of the matter, we now state and prove a Lemma, which is very 
elementary in nature, yet crucial in the proof of Theorem 7 and other results of this paper: 


Lemma 10. Let [N, u) be a measure space, and let V, Z be vector spaces of measurable 
functions (real, complex or vector valued) on a measurable set EON. Let T : V ^ Z be 
an operator such that T{Xf) = XTf for any f E V and any A > 0, and let p : V —)■ [0, cxd] 

be a seminorm. Finally let P > 1 and /?' = 1 

If there exists cq such that for a fixed subset Vq OV 



\\Tf(xy 


du{x) < Co, 


V/ G Ho, P{f) < 1 


then, for each K > 0 and for each f E Vq with p{ f) < 1 we have 


(A) 



j(\Tf(x)\ + Ky 


du{x) < Co exp 


■ 1 / XT' 

_A\l-p{f)E) _ 


and 


(B) 


exp 


'E 


I(\Tf(x)\ + K(l-p(ff)x''^ 


dy{x) < coeA^^. 
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Proof. From Holder’s inequality we have 


aQp' +h{l-e)P' <{a^+ , a,6>0, O<0<1, (63) 

from which estimate (B) follows, with 9 = p{f)^ > 0, a = T(//p(/)), b = K. Clearly (A) 
is just another way of writing (B), since K can be arbitrary. 


/// 


As it is apparent from the proof, there is nothing peculiar about exponential inte- 
grability in this lemma, and (A) and (B) are clearly equivalent. Nonetheless, we hud it 
convenient to have the estimates in (A) and (B) explicitly stated as above, since they will 
be used directly several times. The hrst main application of the Lemma is in Theorem 7, 
with H = {/ G La(M"'), supp/ compact}, Z = {u : M"' M™" a.e. hnite}, (3 — n/a, 

p{f) = ll/lln/aj and E C M"" with u =Lebesgue measure (and |i7| < 1), and obviously 
T = T 

J. ±g. 

For the beneht of the reader we will now summarize the main strategy behind the 
proof of Theorem 1. We start from the Adams inequality 






n 

n — a 


dx < C 


valid for all functions fi with ||/i||n/a < 1 with |supp/i| < k, with k depending possibly 
only on n (this follows from (57)). The main idea is that the inequality in Theorem 7 is 
true if we can write Tgf = Tgfi+ Tgf2, where / = /i + / 2 , |supp /i| < k, and where the 
additive perturbation Tg /2 satishes either 


a) \Tgf2{x)\<C, if xeE and ||/i||n/a < < 1 


or 


b) \Tgf 2 {x)\<C{l-\\hrJp-, if xeE and 0 < < ||/i|U/„ < 1, 

9n being a suitable explicit constant depending only on n. It is clear that in either case a) 
or b) one can apply (A) or (B) respectively, to derive the desired inequality. The original 
set E and the original function / will be suitably split so as to reduce matters to estimates 
a) and b). To this end, we will consider several scenarios depending on where the 
masses of /, f~ are concentrated, and on where the potential is pointwise positive. 
An estimate for Tg /2 as in a) will follow if the function /2 is either pointwise small, or if 
its support is “well separated” from E] this will be a consequence of Lipschitz estimates 
for Tgf. An estimate as in b) will instead occur, roughly speaking, when both E and the 
mass of / are concentrated in a hxed ball, and it will be the most critical case of the proof, 
the only one where Ruf’s condition is needed. 
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We now establish some regularity estimates for the operator Tg. 

Lemma 11. Let f G compactly supported and F C M"" a closed set such that 

either 

(i) |supp/| < 1 and dist(F, supp/) > -R > 1 
or 

(h) supp/ C F (ZBR, 

then Tgf is Lipschitz on F, in particular there exists D = D{n, a) such that 

\Tgfixi)-Tgf{x 2 )\<^\\f\\n/a\xi-X 2 \, Xi,X 2 ZF. (64) 

Moreover, if xq E F is so that maxj;^^ \Tgf{x) \ = \Tgf{xo)\, then for R> 2 

( f n \ " 2D 

i \Tgf{x)\'^dx\ +—ll/lln/a- (65) 

j Bi(xo) / ^ 


Proof. We have, for ah y, xi,X 2 G R"", y xi, y ^ X 2 

/ \ ot — n—1 

l|a;i -yr""" - \X2 -2/1““”! < |a;i - X 2 \{n- a){^mm{\xi - y\, |a;2 - y\}j (66) 

and since g is Lipschitz on the sphere (in terms of the Euclidean distance) we hnd that 
there exists L = L{g, a, n) such that 

a —n — 1 

(67) 

Hence, for Xi,X 2 G F and each y G supp/ 


\g{xi -y) - g{x 2 -y)\ < L\xi - a: 2 | (^min {|a:i - y\, \x 2 - y\} 


g{xi - y) - g{x 2 - y) < L\xi - X 2 


R“ ^ in case (i) 

2n+l-a|^|a-n-l 


and in case (i) 

\Tgf{xi) - Tgf{x 2 )\ < L\xi - a: 2 |R““’"“^ f \fiy)\dy < ^\\f\\n/c.\xi - X 2 

J supp / 

whereas in case (ii) 


[ \f(y)\\yr-"-'dy 

J 

-'-'o D 


< L\xi - X2\2^+^-^ 


n — Oi 



( 68 ) 
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Note that since supp / is compact we have \Tgf{x)\ < for large |a:| (where Cf 

depends on /, a, n, g), hence the snpremnm of \Tgf\ on F is attained in F in either case (i) 
or (ii). Let M = max^jg^? \Tgf{x)\ = |Tg/(a;o)|, some xq G F. After a moment’s reflection 
the reader shonld realize that if R> 2 then estimate (64) holds also for all xi,X 2 in the set 
F U Bi{xo) (whose distance from snpp/ is at most R — 1), by possibly enlarging slightly 
the constant D. If M < ^||/||n/a then (65) is trne. If M > ^||/||n/a then nsing (64) 
for xi, X 2 ^ F U Bi{xo) we get \Tgf{x)\ > M — ^H/Hn/a > 0 for a: G i?i(a:o) and 

n 

(m - ^\\f\\n/c}j \Bi\< [ \Tgf{x)\'^dx 


which yields (65). 


/// 


Lemma 12. If f is compactly supported and \ f\ < 1 on then there exists D = D{n, a) 
such that 

\Tgf{xi) -Tgf{x 2 )\ < D{1 + ll/ll^/^) min{|a:i -X 2 \°', \xi -X 2 \}, xi,X 2 G M'". (69) 
If a = 1 there exists D = D{n) so that 

\Tif{xi)-Tif{x 2 )\ < L>(l + ||/||n)|a:i-a: 2 |(l + log+ ^- - -r), a:i,a :2 G M'", xi ^ X 2 . 

V FI — a;2| / 

(70) 

If Xo G M"' is so that max^-gj^ri \Tgf{x) \ = \Tgf{xQ)\ then 

OL 

WTgfWoc < f/ \Tgf{x)\^dx) " + 2D{1 + ll/IU/J. (71) 

\J BiFo) / 


Proof. For each a:i,a :2 G we have 


Tgf{xi)-Tgf{x 2 ) = j g{xi-y)f{y)dy+ J g{x 2 - y)f{y)dy 

\y-X\\<^\xx-X2\ \y-X2\<\\x\-X2\ 

+ j { 9 {x 2 -y) - g{xi-y)^f{y)dy F j (g{xi - y) - g{x 2 - y)^ fiy)dy. 

\^l—v\>\^2-y\ \^2-v\>\^l-v\ 
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then, using (67) and \g{x)\ < (712:1“ ” we get 


\Tgf{xi) -Tgf{x 2 )\ < 2 CUn-l 


.gl^l-Xsl 


r“ dr + 2 L\xi—X 2 \ J l^i—” dy 

\y — ^i \<y — ^2\ 


+ 2 L\xi - 2:21 


i \x 1 -x 2 I < I <1 


\x^-yr-^-^\f{y)\dy 


\y-xi\>l 

< \xi - X 2 \°‘ + 2un-iL\xi - 2 : 2 ! f r°‘~‘^dr 




§ki-a:2| 


+ 2L 


n — a 


n 


1 /OL 1^1 ^2 I 


and this proves (69) and (70). Clearly Tgf is continuous on and |Tg/( 2 :)| < C\x\°‘ "" for 
large | 2 :|, so \Tgf{x)\ has a maximum at some 2 : 0 - Estimate (71) is obtained as in Lemma 

11 . 

/// 


Lemma 13. If / G (M""), |supp/| < k, then there is C = C{n^a^g) such that for all 
E C M"' with lEl < cx) 


'E 


a a 


Tgf\^] <Ci\E\^+K 




(72) 


Proof. This follows at once from O’Neil’s inequality: for t < |i7| 

rK 

Y) rr — q: n — a. J 

iTgfrit)<-A—t^rit)+A— / s^-^r{s)ds<ci\E\^+K^)rit). 

^ J t 


/// 


Let now / be compactly supported and such that 


in/ 

In/ 


a 

q; 


< 1 , 


wEfw:/,: < 1 


(73) 


From now on we let 


f — fe + fs, 



if \f{x)\ > 1 
if |/(2:)| < 1. 


(74) 


Obviously suppis compact, \fi\ > 1 in supp/^ and |supp/^| < 1. Also, \fs\ < 1 on M"', 
and supp fs is compact, with no control on its measure. 
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Lemma 14. Under condition (73) we have 



1 < C. 

(75) 

If\F\ < oo then 


l|rj(/,XF)llL»(R») <C(1 + |F|S). 

(76) 

and if \F^\ < oo then 


I|rj(/,XF)I|L»(R») <c(i + |F'|S). 

(77) 

Proof. From Lemma 12 

we have 



WTgfsWoo < 2D{1 + \\fs\\n/a) + f/ \Tgfs\- 

\J Bi{xo) 

where xq is a maximum for \Tgfs\. By Lemma 13 



( 


'Bi(xo) 



< 




<l + C\\f,\\^,^<C. 


If |F| < oo then (76) follows from (71), (72), (73). If |F^| < oo then just write fsXF — 

fs - fsXF^- 

/// 


Proof of Theorem 7. 

Let E C be measurable and with |i7| < 1, and let / be compactly supported and 
satisfying (73). 

After suitable translations we can assume that 



\f{x)\'^dx 


i>0 


\f{x)\'^dx = 


1 


nj OL 
nj ol' 


Dehne the 2n half-spaces 


H+ = {a: e K" : Xi> 4}. = {i e K" : Xi < -4} 


(78) 


(79) 


We organize the proof in 6 cases: 

Case 1 : There exists a half-space H G H~} such that 

J^\f{x)\-dx> (80) 

(The mass of f is not concentrated.) 
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Case 2: 


\f{x)\^dx > 


1 




nja. 

njoL'‘ 


and 


4 Vrr 


n/a ^ ^ 

”•/« ~ 4 


nja. 
nj ol' 


(81) 


{The mass of f is concentrated but the one of fi is too small.) 
Case 2+ ; The kernel g is nonnegative and 



\f{x)\'^dx > ^ll/ll 


n! OL 
n/o ’ 


II r+iT/“ 

Wh lln/a 


3 

4 


n/o II n—\\n/o ^ ^ 

nlo'> 11-^^ lln/a — ^ 


(The mass of f is concentrated but the ones of // and f^ are too small. 

Case 3 : E C r- and 
- — 16v^ 



\f{x)\^dx > ^ll/ll 


njo 

njo'‘ 




njo 

njo' 


njo 

njo 


(82) 


(83) 


{The masses of f and fi are concentrated but E is too far away.) 

Case 4 : E — -®i6Vn conditions (52), (56) hold. 

{Ruf’s condition combined with the strong pointwise condition in (56) do everything in this 
case.) 

Case 4+ : E C the kernel g is nonnegative and 



\f{x)fdx > ^ll/ll 


njo 

njo’’ 


II f+iT/“ 
II II n/a 


3 

4 


njo 

njo 


OR 


3 

~ 4 




njo 

njo' 


(84) 


{The mass of f and the mass of fj, or f^ , are both concentrated near E). 
Within this case we will consider the following snbcases: 


(i) Tgf{x) < 0 for any x E E; 

(ii) Tg{fxB,, ^){x) and Tg{fxB- )(3^) have opposite sign, and Tgf{x) > 0, for any 

34 V" 32 V" 

X e E; 

(iii) Tg{fxB )(^) ^0 Tg{fxB^ )(^) — 0 x E E, and condition (52) holds. 

32V" '°32V" 

It is easy to see that once Theorem 7 is proved in the above cases then it is proved 
in fnll generality. Indeed, if Case 1 is not verihed then > ill/lln/a’ ^hat 

from Cases 1,2,3 the theorem follows when E C B^^^. For arbitrary E write E = 
{E n i?i6^) U (if n i?°g^) and the theorem follows if (56) is assnmed. Similarly the 
theorem follows from 1, 2"'“, 3"!", d"*" if is nonnegative. 

It is worth emphasizing that cases 1, 2, 3 and 4 hold for vector-valued kernels with 
arbitrary sign, and that the stronger ‘Ruf condition” (52) is only used in cases 4 and 4+ 

(iii) . 
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We will now prove the main estimate (53) in these cases. 
Proof of (53) in Case 1. Snppose WLOG that 

f \f{x)\'^dx > —ii/ir/*^ 

and write 


exp 


'E 


1^9 




dx= + =/ + //. 

J En{xi< 2 } J En{xi> 2 } 


To estimate I write 


( 85 ) 


( 86 ) 


Ef — E{f^X{xi<4}) + E{f^X{xi>4}) + Efs- 

From Lemmas 11 and 13 we get 


(87) 


E{fiX{r,>4))i^) 


< 


Bi{xo) 


'^9{feX{x^>4})ix)\"dx) +2I^||/dln/a < C', Vx G {xi < 2} 


(here Xq is a maxim um for |^g(/^X{ 3 ;i> 4 })(^)| — 2}-) From Lemma 14 we then have 

\Tgf{x)\ < \Tg{fe.X{x^<A}){x)\ +K, Vx e {xi < 2} 
some K depending only on a, n, and (A) of Lemma 10 implies that I < C, since 


\\feX{xx<4}\\n/l < \\fX{x,<4}\\n/l < 
The estimate of // is similar, this time write 


< 1 - — < 1 . 
4n 


Tgf = Tg{feX{xi <o}) + dfg (/«(x.>0))+rp/.. (88) 

and Lemmas 11, 13, 14, imply 


\Tgfix)\ < |Tg(/^X{a:i>0})(^)| e {^1 > 2} 

some K depending only on ct, n, and (A) of Lemma 10 implies that II < C, since 

ll/W{xi>0}lln/a < ll/X{^l>0}lln/“ = ^H/Hn/a < 
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Proof of (53) in Case 2. 

Assume (81) and write 




\Tgf{x)\--- 


dx< exp 




Ar. 


T|,||/,|(a:) + |T,/,(a:)| 


dx 


and (53) follows from (76) and (A) of Lemma 10 applied to /^, since ||/^||^/^ < |- 


Proof of (53) in Case 2+. 
Assume (82) and write 


exp 


'E 




+ / exp 

Je- 


dx< exp 
J E+ 

1 


1 


[Tj;{x) + \TgUx) 

^9 


dx+ 


A. 


EE(x] + |r,/,(i)| 


dx 


where — {x ^ E : Tgf^{x) > Tgf^{x)}, and (53) follows from (A), applied to f^. 

Proof of (53) in Case 3. Suppose E C and that the estimates in (83) hold. For 

X E E we then have 


Tgfix) \ < \Tg{fiXB^^){x) \ + \Tg{feXB- ^)(^)| + \Tgfs{x)\ < \Tg{fiXB- ^)(^)| +C 


8y/n 


8y/n 


from Lemmas 11-14. On the other hand, since 11 fxn > ^11 it must be that 

’ 11^ I In/a — 2 11'^ lln/a’ 

< ^ll/lln/a < h ) I < 1, SO that our estimate (53) follows 


8\/ri 


WfiXB^ 

again from (A) of Lemma 10, applied to fiXB 


8\/n 


Proof of (53) in Case 4. 

Let E C Biq^ and suppose that / satishes both (52) and (56). Estimate (56) implies 


that 


\Tgf{x)\< j \g{x-y)\\f{y)\dy + Ci\\Tgf\\^/^, rr G 


(if X G pick a G B^q^ such that \x — a\ < 1, use (56), and enlarge the domain of 

integration.) 

The Ruf condition 


"A + \\T,n\’:!,l < 1 gives 


|r,/(i)| < r,,, (\f\xB„J +C{1- m'fy'" 

and Lemma 10(B) yields inequality (53). 


X E B 


16 x/n, 


(89) 
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Proof of (53) in Case 4+. 


It is clear that in (84) it is enough to assume that > |ll/lln/a’ 

have 


in which 


Wfi 


nja 

nja 


1 

4 


ril OL 
ril ol'‘ 


and 






Til OL 

n/a* 


In case (i) we have Tgf{x) <0 in E, hence, since g > 0, 



-r\Tgfix)\--^ 

^9 


dx < 



-riTgfe (^) + \Tgfsix)\y 

.^9 


dx < C, 


using again (A) applied to 
In case (ii) write 



L^9 


\Tgfix)\-^ 


dx 





)+r,(/xB= ) 

32y/n 



dx 


If > 0 and < 0 then 


exp 


'E 


A, 


\Tgfix)\^^ 


dx< exp 

Je 


1 


TMxb 


32y/n 


)(^) 


dx < C 


by the original Adams inequality (57). 

If instead Tg[fxB^^^) < 0 and '^gifXs-^^) > 0 fhen 


exp 


'E l^g 


A, 


\Tgf{x)\^^ 


dx< exp 

Je 




dx < C 


since on E O ^ we have 
— 16v^ 


0 < TAfxB‘ J(x) <\WtXB‘ ^)(x)l + \r 

32 V n 32 V n 


{fsXB- ^)(^)l < C 

^ 32^' 


from lemmas 11-14. 


case 

(90) 

(91) 
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In case (iii), the most critical situation, let us assume the Ruf condition 
WTgfWljl < 1 and write 


nj a. 
nj a. 


+ 


exp 


' E 




dx < I exp — 
E l^g 




+ Tg[{fi + fs)XB- ^ 

' 32 >/rr 


dx. 


(92) 


By Lemma 11, for x ^ E B 




o<r,((/+ + /.)xB. ^)M< 

32^71/ \-lBi{xo) 


Tg({f+ + fs)X 


B 


32 y/n 


dx I + 


+ C\\{f+ + fs)x 




where Xq is a maximum point for Tg ( {f^ + fs)XB 
We have 


32 y/n 


on B 


16x/n ■ 


'Bi{xo) 


TMJt + f.)x 


B 


< 


32y/n 


'Bi{xo) 


dx j < 

a 

fl^dx^ + 


, Tg (// + /+ + fs Xb^ )) “ dx 

'Bi(xo) ^ ^ 


'Bi(xo) 

< \\Tgf\\n/a + C (^\\ f^ ||n/a + ||/s Xb, 


Tg{fe +fsXB,,^J 

32v^ lln/ 


dx 


(by Lemma 13). Hence, for x E E 
0 < Tg({f+ + fs)XB- ^)(^) < 

\ 32vn / 


< ^'(ll^s/lln/a + life lln/a + \\fs + 11| + \\fsXB- 


< ^(ll^s/lln/a + Wfi lln/a + \\fs Xb^^^WJ/^ + ||// Xb-^^WJ/^ + WfsXB^ 

f+,, 


^ 32 v^llTi/a^ 

|n/a I II ^ |m/a\“/"' 

^32.Xi^"n/a) 

— n( 1—11 f+Y |P/“ _ II f+y 11"'/“^“^"' _ _ II f+y 11"-/“^“^^ 

(93) 

where in the second to last identity we used that ||Tg/||((^“ < 1 — ll/ll^/a 

By applying (B) of Lemma 10 to the function /^Xsg^ obtain that the integral 

in (92) is bounded by constant C. This concludes the proof of the inequality part of 
Theorem 1. 
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Now we show that the constant A~^ is best possible in (53), in the sense that if \E\ > 0 
then we can hnd a family of fnnctions G snch that ||'0e||n/a + ll^g'^elln/a < 1 

and 


lim 

e^0+ 


exp 


'E 


1 + ^ irr. / / M^2— 


A. 




dx = +CXD, 


Vh > 0. 


(94) 


First notice that for a.e. x E E we have \E fl B^{x)\/\B^{x)\ —)■ 1, as e —)■ 0, therefore we 
can assnme WLOG that for some eo > 0 


\E 0 B^\ > ^\Bi\e^, 0 < e < eo- (95) 

It is no big snrprise that even in the case of the Riesz potential la (i.e. = 1) a family 

of fnnctions satisfying (94), with Ag = \Bi\, will be obtained by a snitable modihcation of 

Ae<\y\<l^ 0<e<l 

otherwise 

It is clear that some modihcation is necessary, dne to the integrability reqnirements on 
(/Q,(/>e)^^“ at inhnity. Indeed, \x — ~ \x[^~'^ when |a:| is large, and this implies that 

for any / compactly snpported in laf cannot be in L"^/“(R"^) for n/2 < a < n, if 

Ir" f ^ same considerations can be made for general kernels g. 

For slightly more clarity we will prove the resnlt in the scalar case hrst, bnt the 
modihcations in the vector-valned case are simple, and will be indicated after the proof of 
the scalar case. So, assnme that g G C ‘^'^and for \y\ < 1 and |a:| > 3 from Taylor’s 
formnla, there exists 6 = 0{x,y) G (0,1) snch that 

g{x -y) ^ \x\^~^ —d'"g(x*, 

k=0 

2n ^ 

—Pfc(a:,y). 

k=0 

Now, pk{x,y) is a polynomial of order k in the y variable for /c < 2n — 1, and \pk{x^y) \ < 
C\x\^^ for 0 < k < 2n, for some constant C independent of y and x in the given range. 

Next, let Vm be the space of polynomials of degree m in the nnit ball Bi of R"^, a 
snbspace of L^{Bi). Let {ni, ....,n_)v} be an orthonormal basis of Vm, with vi = 

If Pm denotes the projection of L^(i?i) onto Vm, then Pm has integral kernel 


X 


+ 


X 


(2n 




Oy 

- ^ "l 

IxP’ 



(96) 


the nsnal extremal Adams family 



N 

Pm{y, z) = xb^ (y) Y ^k{y)vk{z) 

k=i 

which is pointwise nniformly bonnded on Bi x Bi (with bonnd depending on m). 
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Let 


= I (^(y*))" “bl “ ife<|y|<l^ 0<e<l 
10 otherwise 

and consider the fnnctions on the nnit ball 


(/>£=(/>£- P2n</>e, (97) 

which are orthogonal to every polynomial of order np to (and inclnding) 2n. Since 
\P2n4>e\ < C'||(/)e||i = (7, then for all e > 0 small enongh 




nj OL 
nja 


ll'#>.ll7« + 0(l) = n^,logi+0(l). 


(98) 


If |a:| > 3, then 


Tg(j)e{x) 


X 


(2n)! 


My)P2nix,y)dy, 


'Bi 


hence \Tg(f)^{x)\ < 01x1°" ^ and 



(99) 


To handle the case |a:| < 3 we note that \4>e\ < |</>o| + Cxb^: \Tg(f)^\ < T|g||(/)o| + (7 G 

L"^/“(i? 3 ), which can be checked for example via the standard O’Neil ineqnality: 

n — a n — OL 

Ag " / (pQ{u)dU + Ag'^ / U~~^ (^Q{u)du < C 

Jo Jt 

if 0 < t < 3"^|i?i|. Alternatively, note that (po G Lp(R"') for each P < ^ (and p > 1), so 
that Tg(j)o G with q = p~^ — a/n, hence TgCpQ G L"^/“(i? 3 ) if we pick any p > 1 with 
^ < p < ^. In snmmary, we have that 

ll^^lln/a + \\TgJ>erJ/Z = ^^9 \ + ^>(1) 

for all e > 0 small enongh. Lastly, we estimate for |a:| < e/3 

\Tg'^e{x)\ > Tg(l)^{x) - C > TgCpJS) - \Tg(l)^{x) - Tg(/)e(0)| - C > nAglog ^ - C*, (100) 

(nsing for example (68) with R = e/3.). If we now dehne 


71 

iT\g\\<Po\r{t)<l 



J’e 




l^/“ 


in/a 


In/o? II n/a 
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n — a 


then ll'i/^e 


nj a 
nj a 




— 1, and 


|Tg'0e(a:)| > nAg log ^ - c{nAg log ^ 


Ixl < 


Therefore, 


exp 


'EnB. 


e/3 




> (7 exp 


5n log - — c(^ log 


dx > \E n -Be/31 exp 

1 


{l + S)n\og--C 


+CXD 



which proves (94), in the case g scalar. In the vector-valned case the proof is completely 
similar. First write an expansion as in (96) where each pk is a vector-valned polynomial 
whose components correspond to the Taylor’s formnla of each gj{x — y). Then dehne 

/(9(!/’)l9(!/’)|—“‘l!/r“ ifE<l9l<l, 0<6<1 

1 0 otherwise 


and (f)^ — (f)^ — P 2 n<p£, where P 2 n acts component-wise. The rest of the argnment is exactly 
as in the scalar case. This conclndes the proof of Theorem 7. 


/// 


Note. We wonld like to emphasize that the precise steps where Rnf’s condition is nsed 
are in (89) and (93). Those steps also make it clear that the reason why the proof of 
Theorem 7 fails if one nses the condition 11/11^/^°^ + W'^gfW^/i^ < 1 is that the ineqnality 

11/11^%“ > UXsWr/a + WfXB-Wr/a for Q < 1 (being trivially an eqnality 

when q = 1). 

A simple proof of an Adams inequality a la Adachi-Tanaka 


In this section we prove a special case of Corollary 2, namely that for given 9 G (0,1) 
there is (7 = (7(a, 9, g, n) snch that 



A. 




dx < C 


( 101 ) 


for all / snch that ||/||n/a < 1 and HTg/H^/o, < 1. This proof does not reqnire the fnll 
force of Theorem 7, bnt nses instead only (A) in Lemma 10 and Lemma 14. Snppose 
ll/lln/a < 1, \\Tgf\\n/a < 1, then \Tg{9^f)\ < \Tg{9^fi)\ +(7 by Lemma 14, hence 
(101) follows at once from (A) of Lemma 10 applied to 9f£. 
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Obviously (101) follows under the more restrictive condition 

ll/li;%“ + lir,/ll”%“< 1 . 9>i, 

but we will now show that under this condition with 1 < q < +cxd the inequality fails if 
9 = 1. Consider the functions 

^e,r{x) = r““4(a:/r) 

where the (pe are dehned as in (97). Then supp (f)e,r = Br\ Bre, and 

||n/a — Hn/o? j (ic) — (TgC^e) (x/r), ||||T ||||. 

For the rest of this argument choose e so that 

log 4 =r"'^' ( 102 ) 

e"- 

which is possible since q > 1. If we dehne 


'^e,r 



Ue,r 


\qnl OL 
\nl OL 


+ \\Tg<i)e,J 


I qn!OL 

In/a 


Oi 

qn 


then {\\'il’e,r\\T'/a + ^ owiug to (98), (100), for all r large and 

|a;| < re/3 we get 


\Tgtl^e,r{^) \ ^ 


Ag log e" 


C 


Aq log e-"^) + 


> (Agloge" 


l-C 


loge- 


and 


|Tg'i/e,^(a:)|"-“ >Agloge "-(7 


^nq 


(loge-^) 




Ag log e-^-C 


exp 


' EnBr 


V3 


1 

a: 


\Tgtl;^^r{x)[ 


dx > Cr^ exp 


C- 


^nq 


(loge-'^) 




= Cr^ + 00 . 


/// 


Proof of Corollary 8 

Assume the Adachi-Tanaka condition (58). Clearly it suffices to prove estimate (59) 
for 0 < 6*0 < ^ < 1- For any A > 0 if fx{x) = A“/(Aa;) then using (61) and (62) 


exp 


'E 


-^\Tgf{x)\--^ 


dx = A^ 


'E/\ 


exp 


-^\Tg{e^fx){x)\^^ 


dx 


(103) 
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and 


MC,: ^ e' 


n/OL 
Til CX. 


+A- 


iir»/ii:^:) <9^(i+A-"’')’'‘''=i 


for A = A(6') = — l) > A(6'o) = 1, if we choose 6q = 2~ . We can then 

apply Theorem 7 to estimate (103) with (7A” < (7(1 — . 

Regarding the sharpness statement, the family {'0e,r} in the previons proof satishes 


f 

0 . , ^ , n 

/ exp 

1^9 

1 


dx > 


Cr^e- 




5 


_ 

therefore it is enongh to choose r = {1 — 9) "■j' . 


/// 


Proof of Theorem 1. 

The Adams ineqnality for la* f nnder Rnf’s condition is a special case of Theorem 7. 
Regarding (b), is enongh to prove the results for u G (7)j^(M"^). For any a < n, a even, 
we can write 

u{x) = Cala* fix) = [ Ca\x - y\°‘~^ f iy)dy, / = (-A)^w e (7;T(M’") 

Jr^ 

and Ruf’s condition (25) for u translates directly into Ruf’s condition (23) for / = 
so part a) applies, yielding inequality (26). 

If a < n is an odd integer, writing u — Ca+ila+ii^^~u) and integrating by parts 
gives 

uix) = Jafix) ^ [ Ca+iin-a-l)\x-y\'^~'^~^ix-y)-fiy)dy, / = V(-A)^'U. (104) 

The kernel of Ja, changes sign component-wise, however we will verify that the alter¬ 
nate pointwise condition (56) of Theorem 7 holds, for our given /. Specihcally, if is 
the potential with kernel Ca+i{n — a — l)\x — y\^~^ and / is as in (104), then we can prove 
that for each a G M"" 

|^a/(a:)| = I'u(a:)| < J+|/X|y_„l< 2 |(a:)+ (7||J„/|U/^, |a: - a| < 1. (105) 

It is enough to prove this for a = 0 on the function Uaix) — uix — a), so WLOG we can 
assume a = 0 . 
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Indeed, pick any smooth (f) G snch that 0 < |(/)| < 1 and 


= ifMsi 

\ 0 if |!/| > 2 

and write, nsing Leibinz’s rnle and integration by parts (differentiations are in the y vari¬ 
able) , 


u{x)(j){x) = Jc{V= / Ca+iA|a:^A“2 ' (w(/))(|/)dy 


'| y |<2 


'| y |<2 


Ca+i(/>(y)A|a:-y|“+^ ^/\"^\{y)dy+ 


+ / c„+iA|a:-yr+'-'^ hk,hADH){D^u) 


'|2/I<2 


\k\-\-\h\<a-l 

\k\>Q 


Ca-hi</>( 2 /)V|a: - y|“+^ ^ - u{y)dy 


'|y |<2 


'\y\<2 


Cc,+i(V(f){y) ■V\x-y\^+^ ^^A"^\{y)dy+ 


+ 


'| 2/|<2 


Ca-|-1 




F -y 


a+l —n 7 -)fc 

y 


DyHy))uiy)dy 


\k\-\-\h\<a-l 

| fc |>0 


where k = (/ci,...,/c^), h = {hi,...,hn) are mnltiindices, and the constants bk,h,a are so 
that 

A'^(m/>)= bk,hADA)iD'^^ 

\k\A\h\Aa — l 

With farther integrations by parts we can write 


u 


u{x)A^) — 


'\y\<2 


Cc+iAy)'^\x - y 


la+l —n 


VA 2 u(^y'j(ly-\. 


+ Y1 / {^y\^-y 

0<|fc|-|-|?i|<a+l 


a+l —n r^k 


DyAy) )u{y)dy 


(106) 


for some other coefficients Ch,k,a- Note that the derivatives of the f un ction cf) in the second 
term of (106) all have positive order. Now, for \k\ > 0 we have snppli>^(/) C {| < \y\ < 2}, 
and for any fixed x with F| < 1 the f un ction y ^ \x — is C°° ontside the ball of 

radins |, so that for all snch x 


\u{x)\^\u{x)Ax)\< I Ca+lVF-y| 


a+l —n I 


VA 2 u{y) dy + C 


'|y |<2 


i<|y|<2 


\u{y)\dy 


< 


'| y |<2 


Ca+i(n - a - 1)|F - ”|VA “2 u{y)\dy+ C\\uA/^, 


32 



which is (105). 

To prove that the constant in (23) is sharp in the case a < n with a even, it is enongh 
to consider the fnnctions = c^Ia * where the '0^ were constrncted in the proof of 
the sharpness statement in Theorem 7. In the case a odd, we can take the same extremal 
family {u^} G Wq (5(0,1)) nsed in the original proof by Adams (see also [FMl] proof of 
Theorem 6). Essentially, if is a smothing of the fnnction 


then it is easy to check that 


0 if \y\ > I 
log^ if2e<|y|<i 

logp if|y|<e 




IIVA- 


2 V. 


\nla. 


— iO. 


n — 1 


■((n 


a 


l)Ca+l) 


log - + 0(1), 


and that the exponential integral in (26) evalnated at the fnnctions — '^^edl'^^elln/a + 
II VA^“'^elln/a)~ " made arbitrarily large if the exponential constant is larger than 


/// 


Proof of Corollary 2 


This proof is identical to the one of Corollary 8. Given a f un ction u satisfying Hn, 
V“'u||^y^“ < 1, we consider the fnnctions u\{x) = u{\x)^ for A > 0, which satisfy 


\qn/a 


+ 


I iin/a nit ii^/<a 

ki / = A ki / , 

I iin/a II lin/o:’ 


|V“riA||n/a - ||V^ 


u\ 


nj a 


and we choose A = \{6) as we did in the proof of Corollary 8 to obtain ineqnality (59). 

The proof of the sharpness statement is also similar. All we need to do is take the 

family {u^} that extremizes (23) (with G “ (M"^)) and consider the family {'Ue,r}, 

/ _ 1 

where Ue,r{x) = Ue{rx), with loge“"' = and r ~ {1 — 9) ^. 


/// 


3. Proof of Theorem 3 

As we mentioned in the introdnction, the proof of Theorem 3 is accomplished by 
making slight modihcations to the proof in [FMl, Theorem 1], in order to take into acconnt 
the integrability condition (37), and by tracking down the varions constants a little bit more 
carefnlly. For the convenience of the reader we will present here the beginning of the proof 
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in enough details so that the role of (37) is highlighted, relegating the more technical part 
(Adams-Garsia’s lemma) to the appendix. 

First observe that (39) follows from (38) and Lemma 9. It is then enough to prove 
that for each f E (M) the function Tf is well-dehned, hnite a.e., and satishes 




exp 




dt < Ce"’’(\ + J + v(N)), 


(107) 


where C = /3o, 7, H, A, B), under the hypothesis (35), (36), (37), and with 

poo 

/ irf < 1 . ( 108 ) 

Jo 

Below, Cj denotes a constant > 1, depending only on A, B, (3,a,p, H,'y. 

WLOG we can assume that k and / are nonnegative. Glearly ki{t) < (1 + 

for t > 0, so that by the improved O’Neil inequality in [FMl, Lemma 2], if p is any hxed 
number such that 


max < 1, 


/ 1(1 - 
/3-1 


<p< 


(J 


/3-1 




and 


1 


1 


1 


q a \p 


then there is Cn such that for each t > 0 


,1/(T 




- 1 


f*{u)u ^^pdu+ I k*{u)f*{u)du. 


q > p 




(109) 

( 110 ) 

( 111 ) 


Note. The general results in Part I of [FMl] were proved under the assumption that p{M) 
is hnite. However such condition is not necessary for the validity of the improved O’Neil 
inequality [FMl, eq. (19)], and neither is the integrability condition (37). 

Note. When cr = 1 we can take p = 1 and q = P in (111). 
lit > 1 then Holder’s inequality and (108) imply 


{Tf)**{t)< C^t du + (^kl{u))^ dv^ < 


a 




+ AJ 


If instead t < 1, then 




du+ (kl{u))^du+ / (kl{u))^du 

Jp/<^ Ji 


< 




du 


u 


+ AJ 


< \Ci+ A log + AJ 


34 



Hence, for any t > 0 


(Tfr(t)< a + Alog 


fl/c 


+ AJ 


which shows in particnlar that Tf is hnite a.e. The same ineqnality also shows that 


^u(N) 


exp 




dt<Ce°-’(v{N)-l)*. 


On the interval [0,1] nnfortnnately this simple argnment fails and we need to rehne the 
more sophisticated analysis in [A] and [FMl], Make the change u = v'^ in (111) and then 
the changes 


V — e 


t — e , (^{x) = ( — ) /*(e '^)e 


( 112 ) 


to obtain 

f 


exp 




dt< exp 


1\W 

a 


C2 t ^~^’^pdv+ 


+ J (1 + i7i(l + I logn|) ^f*(v’^)dv + A p J /c*( n<^)/*(n)n ^dv 




dt 


= e ^^^^dy 

Jo 

(here C 2 = Cq jA^ Hi = H/a) where for each hxed y > 0 


(113) 


F{y) = y- 


g{x, y)(f){x)dx 


A P k\{e ^ )e if a; < 0 

g{x, y) = 1 + -Hi(l + |a;|)“^ if 0 < a; < y 


Cje 


A y < X. 


The next technical step is to rnn the Adams-Garsia machinery to prove that 

poo 

/ e-^^yMy<C{l + J)e^-^. 

Jo 

The remaining details are given in the Appendix. 


/// 
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Proof of Corollary 4. In Theorem 3 let = i? and M = with the Lebesgne 
measnre, and let k{x^ y) = K^i^x — y), {3 — The proof that (40) implies (35) and (36) 
for small t, and therefore for t G (0,1], has been done in [FMl, Lemma 9]. Note that the 
proof there was done in the case g bonnded on the sphere, bnt it works even in onr more 
general hypothesis. 

It is enongh to check that (41) implies (37) (from which (36) follows for all t). The 
proof of this fact is straightforward. Let \Ka{x)\ < M for |a:| > R, and let 


Kfy. (3^) 


\Ka{x)\ if Ixl > R 
M if Irrl < R. 


If A(s) and A(s) denote the distribntion fnnctions of respectively, then A(s) > A(s) 

for s < M, and A(M“) > \Bi\R^. Hence, if k^ denote the rearrangements of iLo,, Kq, 
resp., then kl{t) > kl{t) for t > \Bi\R^. Obvionsly, Ka G L"-“ (M""), so (37) follows 
if \Bi\R^ < 1. If \Bi\R^ > 1 then (37) still follows since k^ G ([1, \Bi\R^]), since 
kl{l) < 00 . This proves ineqnality (42), and therefore (44). 

The proof of the sharpness statement is the same as that of [FMl, Theorem 8]. 


/// 


Proof of Corollary 6. Take k{x, y) = g{x — y), (3 — so that nnder the assnmption 
(46) we have (see also [FMl, Lemma 9]) 

kl (t) = Ag ““ t~ , k2(t) < , t>0 


If we take (3 — Po = crP, N — E C M”, with y{E) < 00 and M = E C M"", with 
1^1 < cxD, then Theorem 3 gives the resnlt in (47), since J = log^ \E\. 

The proof of the sharpness resnlt is the same as the one of Theorem 5, with the 
exception that this time u(E fl B^/^) > cie'^'^ (nsing the notation in that proof, where we 
are taking xq = 0 and e < ro). 

If u is the Lebesgne measnre, then we have for 1^1 = 1 



A. 




dx < C{1 + \E\), 


(114) 


therefore, nsing the dilation fx{x) = X°‘f{Xx) we have snpp /a C E/X, and formnlas (61) 
and (62) with A = \Ep/^ and (114) give (48). 


/// 
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4. Further consequences of Theorem 3 and Theorem 7 


Moser-Trudinger inequalities for elliptic operators with constant coefficients. 


In this section we give some applications of Theorem 7 and Theorem 3. Specifically, we 
will consider Moser-Trndinger ineqnalities for more general elliptic operators with constant 
coefficients, and obtain sharp ineqnalities for homogeneons operators from Theorem 7, and 
for some non homogeneons differential and psendodifferential operators as a conseqnence 
of Corollary 4 (which is itself a conseqnence of Theorem 3). 

Let ns consider an elliptic differential operator of order a < n with constant coefficients 

Pu = ttkO’^u 

\k\<a 

where k = (/ci,...,/c^) denotes a nonnegative mnltiindex in acting, say, on 
We will let 

pi.0 ■= ^(27ri^) = X] ak{2Txi^f. 

\k\<a 

For simplicity here we only consider the case G M, in which case a is even and “elliptic” 
means that the strictly homogeneons principal symbol of P satisfies 

P«(0 := P^TTiO := (27r)“(-l)“/2 > col^r, ^ e M" 

\k\=oi 


for some cq > 0. 

Theorem 15. a) Let P = Pa be a homogeneous elliptic operator of order a < n with 
constant coefEcients. Then there exists C > 0 such that for every u E 1F“’“ (M"") with 


iRir/“ + iiPRir^” < 1 

I '' 71 /a II iin/a — 


(116) 


and for ail measurable E C M"' with \E\ < oo we have 


exp 


'E 


L^P 


dx<C{l + \E\) 


and 


where 


l/ip 


Ap — 


exp[i_2] 

\gp{uj)\^duj, gp{x) 


dx < C 


^ — 2'Kix-^ 


d(, 


(116) 


(117) 


(118) 


^ JS'^-^ 

in the sense of distributions. Moreover, the exponential constant Ap^ in (116), (117) is 
sharp. 
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b) If P is a non-homogeneous elliptic differential operator with constant coefficients of order 
a, with ^ < a < n and with p{^) ^ 0 for ( ^ 0, then (116) holds for all u G 
such that II-PwII^/q, < 1, and (117) holds under the additional condition < ci, some 

fixed Cl > 0. The exponential constants are sharp. 


Proof. It is well known that P has a fnndamental solntion, given by a f un ction Kp 
which is (7°° ontside the origin, and which is formally the inverse Fonrier transform of 
Vp( 0- If P{0 7^ 0 ^ 7 ^ Oj cl concrete formnla for Kp can be written for example as 

follows: 


Kp{x) 


rm 

piO 


27Tix 


■^d^ + 


(27r|a:|)2^ A" 


1 ^) 


(119) 


for X ^ 0, were ry is a smooth cntoff which is eqnal 1 for |a:| < 1 and 0 for |a:| > 2, for any 
£ > Using this formnla, or other standard methods, it is possible to see that 


Kp{x) = gp{x*)\x\^-^+ 0{\x\^-^+^), \x\<l (120) 


where x*/\x\^ and where gp is given as in (118) (see also [FMl], formnlas (67), (69)). 

The proof of the theorem is therefore accomplished by hrst proving a sharp Adams 
ineqnality for the convolntion operator Kp*f, where / is compactly snpported in (K"^), 
and then by applying it nsing the representation u = gp * (Pu), where u G C')T(M"^). 

If P is homogeneons of order a, i.e. in the above notation P = P^, then Kp given by 
(118) is homogeneons of order a — n and Kp[x) = g p{x*)\x\^~'^. We conld therefore apply 
Theorem 7 to obtain the Adams ineqnality on (with Rnf condition) for the convolntion 
operator Kp * / if either gp does not change sign on or else if condition (56) is 

satished. Even thongh it seems like a natnral condition, the nonnegativity of gp does not 
seem easy to establish in general, bnt it is possible to show that (56) is trne. Indeed, we 
have that for / = Pu 


\Kp * f{x)\ = |w(a:)| < \Kp\ * |/X|y-a|<2l(^) + C'lhlU/a, lx - a| < 1 

the proof of which is a repetition of the proof of (105), bnt nsing the operator P instead 
of VA^~. This establishes (116) in case P is homogeneons. 

If instead P is not homogeneons, then we can resort to Corollary 4 provided condition 
(41) is verihed, i.e. that at inhnity Kp is bonnded and in L"-“. In the formnla for Kp 
given in (119) it is clear that the second term is a rapidly decreasing fnnction, therefore the 
problem is to show integrability and bonndedness of the hrst term. Bonndedness follows 
from the Riemann-Lebesgne lemma. In general, it is hard to establish the precise behavior 
of the hrst term in (119) at inhnity, however, if n < 2 q; we can nse the Hansdorh-Yonng 
ineqnality and prove that the Fonrier transform of rj/p (i.e. the hrst term of (119)) is in 
L"-“ (M""), by showing rj/p G (M"') i.e. 1/p G L“ (Bi). 
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Lemma 16. Let p be a real-valued elliptic polynomial or order a, with p(0) = 0 and 
p{x) > 0 for X 0. Then p(x)~^ G (Bi) if and only if p is not homogeneous. 

Proof of Lemma 16. Obviously, if p is homogeneous of order a then 1/p cannot 
be in L«(i?i). Suppose p is not homogeneous and let Pa^Pn be the highest and lowest 
order homogeneous parts of p, of orders a and k < a respectively. Then we can write 
P = Pa + Q + Pk and the hypothesis imply that for all x G M” 


Pa(a:) > co|a:|“, Pn{x)>0, p{x) > ci\x 


where cq, ci > 0. 

(For the last inequality: hrst hnd R > 0 so that the inequality is true for |a:| > R. 
Next, the function 


p{r,uj,z) 


p{ru) 


zr 


is continuous in [0, i?] x x M, and strictly positive on [0, i?] x x {0}. For each 
of (r, w) G [0,i?] X there is an open neighborhood Ur,uj of (r, w) and a dr,oj > 0 such 

that pir^oj^z) > 0 on Ur^uj x (—Compactness hnishes the proof.) 

Note also that p^ioj) = 0 on a set of zero measure on S'^~^. 

Write 


f W. 


dx 




j.n-1 

- ^dr = 

p{ruj) “ 



n/p^{uj) 


r 

p{rp^{u)u) ^ 


To ease a bit the notation assume that u E ^ is hxed and writing p^ — Pa(w), p^ = 
Puioj) we have 


1 

Pk ' 


^n„n— 1 

Pk 


— (a — K—1) „ 1 riK 

P^'' V ^ ~ 


p{rp^u) “ {r^^PnPa + qirp^oj) + “ 


(^a-Kp« 


Pk 


q{rp^u) + l) 


We can now choose ro > 0 such that for all r < ro and all oj E S'^ ^ 


rO,-Kpa-K-ip^ + r~'^p~'^~^q{rp^u) + 1 > 


1 

2 


(recall that k 1 < a and the lowest homogeneous part of q has order greater than k). 
Hence we can write 


'I/Pk 


P/r 


n—1 


r*ro 


lo p[rp^{uj)uj)' 


-dr < 2" 


p; 






'(ir+ 


P/r 


n — 1 


' ro 


(cir“p“) 


-W < C{l+\ logp^l) 


Now, the function logPf;(a;) is integrable on the sphere. By homogeneity it is easy to check 
that this is equivalent to the local integrability of logPf;(a:), which follows from this general 
lemma: 
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Lemma 17. Ifp is any complex-valued polynomial in then the function log \p\ is locally 
integrable in M"". 


We have not seen this resnlt in the literatnre, so we will give here a short proof. 
Proof of Lemma 17. Snppose p has degree m. By a linear transformation xi = 


X 


15 


X, 


~ x'j + Xjx'i, j = 2, 3.., n, we can assnme that p{x) — x'^ + + ••• + a\X\ + ag, 

where the aj are polynomials in X 2 , ■■■, Xn- If Q = [a, b] x Q' is any cnbe in then for hxed 
X 2 , ■■■jXn G Q' the polynomial p{x) has m complex roots pk = Pk{x 2 i Xn), k = 1,m, 
which are all contained inside a hxed ball of radins R. Then the resnlt follows from Fnbini’s 
theorem, since 


log \t — p\ dt < C{a, b,R), p G C, \p\ < R. 


Back to the proof of 1/p G L « if p has real coefRcients then we can apply directly 
Lemma 16 to conclnde. If p has some complex-valned coefRcients, then apply the lemma 
to the polynomial \p{x)\‘^ which satishes the conditions of Lemma 16 with a replaced by 
2a. 

To prove the sharpness of the exponential constants, it is enongh to take the family 
of fnnctions = Kp * 'i/^, where the 'i/e were constrncted in the proof of Theorem 7. 


/// 

The restriction n/2 < a < n in b) is only needed in order to apply the Hansdorff- 
Yonng ineqnality, and conld perhaps be removed with a more rehned analysis of the kernel 
Kp, that is the behavior at inhnity of the hrst term in (119). For special non-homogeneons 
elliptic operators of any even order a < n, it is possible to obtain enongh information abont 
the decay at inhnity of pp. For example if P = + Q'^, where f) < a' < a < n and 

Q'^ is elliptic and not identically 0, then it is possible to see that Kp{x) (that is the hrst 
term of (119)) decays at least as \x\^ which is enongh to gnarantee that Kp G L"-“ 
at inhnity. 


Moser-Trudinger inequalities in hyperbolic space 

In this section we obtain the sharp Moser-Trndinger ineqnalities for the higher order 
gradients on the hyperbolic space as a conseqnence of Theorem 3. Below, will 
denote the hyperbolic space modeled by the forward sheet of the hyperboloid 

HI"' = {(xo, Xi, ..., Xn) G : xl — xl — .... — x‘^ — 1, Xg > 0}, 

endowed with the metric indnced by the form 


XiH) — XgXjg X\y\ ... XnUn 
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and with distance fnnction d{x,y) = arccosh[a:, y]. One can introdnce polar coordinates 
on H” via 


X — (coshr, sinhr ^), r > 0, ^ E ^ 
and in these coordinates the metric and the volnme element are given as 


+ sinh^rd^^, di'{x) = (sinhr)” ^drd^. 


The Laplace-Beltrami operator on is denoted as A^", and in polar coordinates is given 
as 

d \ 

Ah- = + (n- l)cothr— + . ^ ^ Agr.-i, 


dr'^ 

whereas the gradient Ve- is compnted as 


dr sinh^ 


d 1 

Vh" = 7^-1-. , 2 V5»-l. 

dr smh r 

The Sobolev space 1T“’^(1HI"^) of integer order a is dehned in the standard way via the 
covariant derivatives V^: it is the closnre of the space of (7°° fnnctions (f) snch that 


■= Y. < °° 


k=0 


where || ■ ||p denotes the norm in , u). As it tnrns ont, on it is enongh to nse the 

highest order derivatives in order to characterize the Sobolev space. In particnlar, if we 
dehne the higher order gradient on as 

\7“ = / VH"(-Ae-)^ if a odd 
\ (—Ae")'^ if a even, 

then one has that ||V“ti'u||p is an eqnivalent norm on 1T“’P(1HI"^). In particnlar, note that 
we have the Poincare-Sobolev ineqnality 


\\u\\p < C\\V^^u\\p, ueW^'P(M^). 

This ineqnality is proved in [Mancini-Sandeep-Tintarev] in the case of the gradient in the 
ball model (really a conseqnence of Hardy’s ineqnality) and for even a in [Tat]. 

In this setnp sharp versions of the Moser-Trndinger ineqnality for IT“’“ (H"^) are only 
known in the case a = 1 for the gradient ([MS], [MST], [LTl], [LT2]), and with the same 
sharp constant as in the Enclidean case. In the following theorem we give the general 
version of this resnlt for arbitrary a : 
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Theorem 18. For any integer a with 0 < a < n there exists a constant C = C{a,n) 
such that for every u E 1T“’“(EI"') with || < 1, and for all measurable E with 

0 < i^(E) < oo we have 


and 



7n,a|w(a:)|"-“ 


di>{x) < C{{1 + 


( 121 ) 



exp[^_2] 


7n,a|w(a;)|"-“ 


dp^x) < (7, 


( 122 ) 


and the constant 'yn,a is sharp. 

Proof. If a is even, the operator (—Ae^)'^ has a fundamental solution given by a kernel 
of type Ha[d{x,y)), where Ha is positive and satisfies 


Haip) = CaP^-^ + 0(p“--+^), p < 1 

(with the same Cq as in the Euclidean Riesz potential), and 

ff=(p) < p>l, 


(123) 


(124) 


some c'a > 0. These asymptotic estimates follows in a straightforward manner from the 
known formula for the fundamental solution of the Laplacian (see for example [CK]) 

^ ^ Wn-i Jp (sinhr)’"-^ 

using iterated integrations and the known addition formulas for the Riesz potential on 
(In [BGS] asymptotic formulas are derived for general a, using the Fourier transform.) 

It is now easy to check that (123) implies that in the measure space (H"^, u) we have 


, , , , n — a. n — a. , n — a , 

H^it) = Ca\B^\—t-— + 0(t-—+^), t < 1 

while (124) implies that Ha{d{-, O)) E nL°°({a: : d{x, O) > 1}, z/) (where O = (1, 0)) 
and hence 

{H*J^dt < oo. 

Thus, we are in a position to apply Theorem 3 in order to obtain (121) for a even, simply 
by writing u{x) = f Ha{d{x,y))f{y)du{y), with / = for any u E (7^(1111”^). 

If a is an odd integer, then we write 

u{x)^ Var^Ha+Mx^y)) ■ f{y)du{y), / = 
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and use asymptotic estimates for |Ve"-ffa+i|, which turn out to be the same exact estimates 
as in (123), (124), with {n — a — 1)cq,_|_i instead of Cq. 

The proof of the sharpness statement is identical to the one in the Euclidean case, 
namely we let to be a smoothing of the radial function 

r 0 if r > I 
<1 log i if 2e < r < i 
y log -1 if r < e. 

Using local calculations as in [F, Prop. 3.6] it is a routine task to check that if a is even 
then 

/ _ n — oc 1 

IIK-'^^lln/a = Ca “ log -+ 0(1), 

whereas is a is odd then the same estimate holds with (n — a — 1)cq,_|_i in place of Cq,. 
From this estimate it is then clear that the exponential integral evaluated at the functions 
= V(_/\\V^-n,Ve\\n/a cau be made arbitrarily large if the exponential constant is larger 
than 7 „,q,. Note also that ||ne||^/Q, < O, so that ||'Ue||n/a 0 with e, and the sharpness 

statement for the regularized inequality on follows as well. 


/// 


5. Further results and extensions 
Inequalities in critical potential spaces 

The classical Sobolev embedding theorem states that for a an integer between 0 and 

np 

n the Sobolev space 1U“’P(M"') is embedded continuously into (M"'), for p < ^, or, 

np 

equivalently, that the Riesz potential 1^ maps continuously onto L^-°‘p (M"'). At 

the critical index p = ^ the Moser-Trudinger inequality of Theorem 1 is a statement about 
the space (M”) being embedded in an exponential class (sharply, in a suitable sense). 

Therefore it makes sense to ask whether there is a full analogue of this result at the level 
of Riesz potentials, namely whether the Adams inequality of Theorem 1 can be extended 
to a wider space of functions of L“, other than those having compact support, for any 
value of a G (0, n). 

Recall that for any a G (0, n) the Riesz potential is well dehned on the space 
L”/“(M"') = {/ G (IR"'), supp/ compact}, 

and it is in if ct < n/2. If a > n/2 and (f) G Lc^“(M"'), then 1^* (f) is in if and only 
if (f) is orthogonal to the Taylor polynomials of \x* — (in the y variable) up to order 

[2a — nj, for all x* G In this context it is then natural to consider 1^ as dehned on 

the linear subspace of L “ (M"") 

D{I^) := {/ G L^/“(M") : /« * / G L^{R^)}. 


43 



The first observation is that 1^ is not closed on 0(1^), not even if one defines D{Ia) nsing 
(or even 5, the space of Schwarz fnnctions), rather than Indeed, it’s 

easy to exhibit a seqnence fn E with /^ —)■ / in L«, with f E S \ (7^, and 

la * fn t Iqi f. 

Hence, it is natnral to ask whether or not la has a smallest closed extension (in other 
words whether or not it is closable) as a densely defined operator from L « to L «. We will 
now show that this is indeed the case, thereby allowing ns to extend the notion of Riesz 
potential to a wider space than D{Ia), which we will call Pq. The space of corresponding 
potentials Ua '■= Ia{Pa)^ which we can call critical Riesz potential space, is the natnral 
choice if one wishes to consider Moser-Trndinger ineqnalities for abitrary powers of —A. 
As it tnrns ont, Ua is a Banach snbspace of the classical Bessel potential space i7“’« (M"^). 
We believe that these spaces actnally coincide for all a < n, bnt so far we can only prove 
it for a even or a < n/2. 

We will now give a brief proof of the fact that la is closable, since we were not able to 
find any references to this resnlt. We will in fact consider the more general homogeneons 
potential Tg introdnced at the beginning of section 2. We will treat the scalar case for 
simplicity, however the vector-valned case is treated similarly. 

For the rest of this section we will assnme that g : \ {0} —)■ R is homogeneons of 

order a — n{0<a<n),g Lipschitz on S^~^, and Tgf = g * f, which is well-defined in 
the space 

DiTg) := {/ e L^/“(R^) : Tgf E L^(R^)}. 

IL Ik 

Lemma 19. If {fk} T D{Tg) is such that fk 0 and Tgfk h, then h = 0 a.e. 


Proof. If h is not zero on a set of positive measnre, we can assnme that |/i| “ = 1 
and that 


/ 1^1“ ^4’ 

J\x\<R 4 

for some S > R > 0 and e small. Now consider 


Pl>s 


1,1^ 

|h|“ < e 


n — CK 

ip{x) = sgn{h)\h\~XBRix) 

which is clearly in L"-“ with ||(p|| ^ < ||/i||n/a == and has compact snpport, bnt its 

n 

potential is not necessarily in L"-“. For this to happen it is snfficient to normalize (p so 
that its mean is zero, bnt we need to do this in a different way than the one nsed in the 
proof of the sharpness statement of Theorem 1, which was localized inside a ball. 

We let 


p{x) — p{x) — ip{x — 2Sei) 


and nsing (67) we see that for |a:| >45” 


\Tgip{x)\< / \g{x-y)-g{x-y + 2Sei)\\(p{y)\dy 


\y\<R 


<Ca,ni2S)\x 


ot — n — 1 


'\y\<R 


\Tiy)\dy < c\x 


la —n—1 
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where C depends on R, S, a, n. Hence Tg(p is in L"-“ for large x, and clearly this is also 
the case for small x. 

Now we can say that Lp G (R"") and Tg^p G L"-“ (R""), and write 


(fh = / |h|“ — / (p{x)h{x + 2Sei)dx 


'Br 


>4-|lv^ll: 


’Br 


'Bf 


'Sal 
\h{x + 25'ei)| “dx ) > 7 — e™ > - 


(125) 


for e chosen small enongh. 

On the other hand, since Tglf G L"-“ and /^ —)■ 0, Tg/^ —)■ h in L« we have 
[ (ph= [ LfliuiTgfk = lim [ ipTgfk = lim [ (Tg^)/^ = [ [Tg^p) lim/fc = 0 


which contradicts (125) 


/// 


At this point we are in a position to apply a standard constrnction in order to close 
the operator Tg see for ex. [Yosida Ch. II, Sect. 6 ]. Dehne 


Vg := {/ G Lt(R-) : 3{h} C D{Tg), 3h G L^(R-) with fk ^ /, Tgh ^ h] (126) 


and becanse of Lemma 19 the f un ction h appearing in (126) is independent of the seqnence 
fk, and the potential Tgf is well dehned for / in Vg, by letting Tgf = h. The operator 
thns dehned is the smallest closed extension of Tg as dehned on D{Tg), and the class Vg 
is the closnre of D{Tg) nnder the graph norm (103). 

If the operator Tg is injective, we dehne the critical potential space for the convolntion 
operator Tgf = g * f a,s 

Ug = {ue LS(R-) :u = Tgf,fe Vg} 


which is a Banach snbspace of (R"^) endowed with the norm (||T, 
or any other eqnivalent norm, snch as 


■ 1-1 


u 


\qn/c 

i/c 


+ N 


operator Tg is obvionsly a continnons bijection between V. 


\qn/c 

i/c 


g 

a. / qn 


\n/a 




n/(x\ Oi/n 
nloi) ’ 


and Ug. 


nj a. 

q G [1,cxd]. The 
If is a smooth 


fnnction on the sphere (or diherentiable enongh times) then the distribntional F.T. ^ is a 
homogeneons fnnction of order —a and smooth on R"^ \ { 0 }; clearly Tg is injective if ^ 7 ^ 0 
a.e. on for example like in the case of the Riesz potential. 

Also, it is straightforward to check that fl Vg and the space of Schwarz 

fnnctions in Vg are both dense in Vg. 


In the special case g{x) = Cc 


\x\ 


we have that Tgf = Cctla*f^s the normalized Riesz 


potential, and the above procednre dehnes its smallest closed extension from a Banach 
space which we denote V^, bijectively onto the space 


Ua := {w G L“ (R’^) : u = Cq/q * /, / G T>q}, 
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the corresponding critical Riesz potential space. The inverse of Cq,/q,, as dehned on Va, is 
the fractional Laplacian (—A)'^, the sense that u G lAa if and only if (—A)^^, (which is 
dehned distribntionally as the inverse Fonrier transform of {2ti\x\)^u) is a fnnction and it 
belongs to (R""), and moreover u — Cala * This can be easily verihed nsing 

density of fl in Va, and the fact that in that space the statement is trne. 

Hence is a Banach snbspace of the space 

:= {u e : (-A)tw G 

endowed with the norm (||'i^||^/Q + This space coincides with the 

classical Bessel potential space {u G L “ (M"^) : (/ — A)^u G with norm 

||(/ — A)^u\\n/ai where {I — A)^u is the distribntional inverse F.T. of (1 + 

This fact is a conseqnence of the identities 

(27r|a:|)“ = (1 + /ii(a:))(l + 47r^|a:p)'^, (1 + = (1 + h 2 (a:))(l + (27r|a:|)“) 


valid for some integrable fnnctions hi, /i 2 (see [S, pp. 133-134]) which also imply that for 
all / G 


Cl( 


N / + 

I ''n/a 


A)S«|i:;:)V» < 11(7 _ A)tM||„/„ < + |K-A)«M||y^“/» 


Til GL 


^nj OL^ 


It is well known that for a an integer then i7“’« = the classical Sobolev space. 

Regarding the connection between Wq, and classical Sobolev and Bessel potential 
spaces. When a is an even integer, it is easy to see that Ua = for if n, G 1F“’“ take 

Uk G C')]^(M"') with Uk ^ u and fk {—A)^Uk —)■/:= {—A)^u in and therefore, 
since fk also has compact snpport, we have Cala* fk —t n. and u = Cala* f ■ R is also easy 
to handle the case 0 < a < n/2: 

Proposition 20. For 0 < a < ^ we have Ua = (R^). 

Proof. Since is dense in H we only need to prove that if n. G C'(T(M"') then 

there exists {fk} G Lc (R"") with fk ^ f and T^fk = la* fk ^ u, in L «, for some f E L'^ . 
Let u G C^{R^) then for all x snfhciently large 


A'iuix)] < C\x\-^-^ 


For even n this can be seen for example by writing A^u = In-a * A^u and integrating 
by parts. For n odd the argnment is similar, starting from A^u = 'VIn-a+i * VA^“ u. 
Hence, for any p > 1 we have that / := A^u G L^(R"^), and if fji = Xb{q then 

//j — )■ / in LP, as R — )■ -|-cxd. The resnlt follows since 1^ is continnons as an operator from 

T T — 

T 2a to T “ . 

/// 
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In order to settle the identity Ua = for a > n/2 a mnch more sophisticated 

argnment than the one jnst presented seems to be needed. 

We now observe that essentially every theorem in this paper can formnlated in terms 
of the spaces Vg and Ug^ (or Va and Ua for arbitrary valnes of a), by a simple limiting 
procednre. For example, we have the following: 


Theorem 21. 

a) For 0 < a < n the sharp Adams inequalities for the Riesz potential (23) and (24) hold 

for all f G Va under the Ruf condition (22). Likewise, if g G then the 

sharp Adams inequality for the general homogeneous potential (53) and (55) hold for 
all f in the space Vg, under the Ruf condition (52). 

b) For 0 < a < n there is C = C{a, n) such that for all u Elf a with 


u 


I n/a 
'nj OL 


+ II(-a)2w 


^ WTL OL 


/ < 1 
n/a — 


we have 



exp[^_2] 


n 



dx < C 


and the exponential constant is sharp. 


Proof. For a), it is enongh to prove the ineqnality for / having Rnf norm eqnal to 1. 
Take a seqnence fk of compactly snpported fnnctions snch that /fc —)■ / in the Rnf norm, 
and so that Tgfk -E Tgf a.e.. Apply the Adams ineqnality of Theorem 1 to the normalized 
fk, which also converge to / in the Rnf norm, and nse Faton’s Lemma to conclnde the 
proof. The proof of b) is immediate since is a bijection between Vo, and Ifa- 


/// 


For the case a = |, n = 1 see also the recent paper by Inla-Maalaoni-Martinazzi 
[IMM, Thm 1.5], which was proved by adapting Rnf’s original argnment. 


47 



Inequalities for more general Borel measures 


The methods presented thus far allows us to obtain versions of the sharp inequalities 
in this paper when the non-regularized exponential is integrated against a positive Borel 
measure v such that 


r)) < Vx G M"', Vr > 0 (127) 

for some a G (0,1], Q > 0. However, to pass from inequalities on sets of hnite v measure 
to the whole of we cannot use the exponential regularization Lemma 9 as is, since we 
are using two different measures in it. As it will be apparent from the proof below, we need 
to introduce some conditions at inhnity satished by the measure u, in order to regularize 
the inequality on the whole space. It turns out that it is enough to ask that there are 
ri, Q' > 0 such that 

z/(i7) < Q'\E\, ME Borel measurable with E {x :\x\> ri}. (128) 


This condition is equivalent to asking that, outside a hxed ball, u is absolutely continuous 
w.r. to the Lebesgue measure, with bounded Radon-Nikodym derivative. An example 
is the singular measure du(x) — \x\^^~^^'^dx considered in [LLl], [LL2], [AY] and other 
papers. 

For simplicity we formulate here only a version of Theorem 1 for these more general 
measures, however analogous statements can be made for other theorems of this paper, 
for example Theorem 7, Theorem 15, or even Theorem 18, in the context of hyperbolic 
spaces. 

Theorem 22. Let u be a positive Borel measure on satisfying (127). If 0 < a < n 
there exists a constant C = C{a, n, cr, Q) such that: 

(a) For every measurable and compactly supported f : R"^ —)■ R such that 

inf/a + WUfftM;:! (129) 

and for all Borel measurable E C R"' with i'{E) < oo, we have 




fa * /(a:)h-“ 


dn^x) < C{1 + n^E)). 


If in addition v satisfies (128) then 



exp[^_2] 



fa * /(a:)|"-“ 


du{x) < C. 


(130) 


(131) 


(b) If a is an integer then, for every u E W 


".77 ( 


such that 


\nj OL 
'njoL 




\ril cx. 

'nj a — 


(132) 
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and for all Borel measurable E C M"' with ^{E) < oo, we have 



cr7n,a|w(a:)| 


du{x) < C{1 + n^E)). 


If in addition v satisfies (128) then 



exp[^_2] 


o^7n,a|'u(a:)| 


du{x) < C. 


(133) 


(134) 


(c) If there exist xo,ro such that u{B{xo,r)) > cir^^, for 0 < r < tq with cj > 0 then 
the exponential constants in (131), (134) are sharp. If there exist xo,ro such that 
u{E n B{xo,r)) > for 0 < r < ro with ci > 0, then the exponential constants 

in (130), (133) are sharp. 

A word of caution: the measure n in this this theorem enters only in the integration 
of the exponentials. The functions /, la * /, u, iV^nl are still in La(M”) with respect to 
the Lebesgue measure. 

Proof. The proofs of inequalities (130), (133) are identical to the corresponding ones 
in Theorem 1 for the Lebesgue measure. The point is that the Adams inequality (53) in 
Theorem 7 holds for the measure u as above, with the constant Ag replaced by a~^Ag. 
The procedure is exactly the same, except now the main result we use is (47) of Corollary 
6, and the entire proof given in Theorem 7 goes through. 

To deal with the (131), (134) we need to modify Lemma 9. For simplicity we only 
prove (134) as the other inequality is completely similar. We assume condition (128) and 
estimate 


exp[i_2] 

< r 




0‘7n,a|'u(a:)| dn{x) < 

r 1 f 

exp CT'^ri,o\u{x)\ di>{x )-\-/ \u{x)\'^di>{x) 

^ ^ J {li< 1} 


now we have 


i>{u > 1} = ^(^{u > 1} n 5(0, ri)) + > 1} n 5(0, ri)°) 

<£?rr + e'i{u>i}i<c(i + iiu|i;;^ 

so that we can use (133) to estimate the exponential integral over the set {u > 1}. Finally, 
/ \u{x)\^di'{x) < i'(^B{0,ri)) + / \u{x)\^di'{x) 

j{u<l} {“<l}n{|x|>ri} 


< Qrr + Q' / \u{x)\^dx < C(1 + ||n||::/“) < a 

J{u<l} ' 
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The sharpness statements follows as in the proof of the sharpness statement of Theorem 7 
(see proof of Corollary 6 ). 

/// 


A sharp Trudinger inequality on bounded domains without boundary conditions 


The next resnlt has to do with smooth and bonnded domains, so it is somewhat 
nnrelated to what we have done so far. We present it here since it is a nice and simple 
application of Lemma 10. 

Sharp versions of the Trndinger ineqnality on smooth, connected, bonnded domains 
Q for fnnctions u G (fl) are only known for a = 1 [CY], [Cil], and for a = 2, if O is 

a ball [FM2]. In the case a = 1 Chang-Yang and Cianchi proved that there is C snch that 



^-^7n,l\u{x) - U\ "-1 


dx < C 


u£W''''\n), ||vm||„ < 1. 


(135) 


where u = |0|“^ and 7^,1 = noj^z\ is the sharp constant for the Moser-Trndinger 
ineqnality on lTo^’"^( 0 ). 

It is clear that some sort of normalization of u is needed, as in (135), if restrictions 
are imposed only on the seminorm HVn-Hn- Hence, it makes sense to ask abont a sharp 
ineqnality nnder the fnll Sobolev norm condition ||'u||^-|-||V'u||” < 1, and with no additional 
conditions on u, in the same spirit as in the original paper by Trndinger. As far as we know 
no snch resnlt exists, however we prove here that it can be easily obtained by combining 
the Chang-Yang-Cianchi resnlts and Lemma 10. 

Theorem 23. If O is a smooth, connected and bounded open set in there exists a 
constant C = (7(0) such that 


exp 


(n 


_ 1 / \ I 'n. 

2 "-i7n,i|'u(a:)|"-i 


dx < C 


(136) 


for each u G 1T^’"'(0) with HwlK)-|-1| Vwll)); < 1. Moreover the exponential constant is sharp. 

Proof. In Lemma 10 take /3' — n, V = Z = G 1T^’”(0) : / -u = O}, T the identity 

Jn 

on V, and p(u) = HVn-Hn- Then, nsing that 

N<ifir"ii«iu = isjr"(i-iivMiia" 

we obtain, nsing Chang-Yang-Cianchi’s resnlt together with (B) in Lemma 10 


exp 


'f 2 


_ 1 / \ I TT 

2 "-i7n,i|'u(a:)|"-i 


dx < 


< / exp 




2 ^-^'yn,i(\u{x) - u\ + \Q\ " (1 - liv-ull)^) 


dx < 
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It is not hard to check that if 0 G 90 then the nsnal Moser seqnence 


u^{x) = 


f logy 

if \x\ 

logR 

if e < 

lo 

if \x\ 


satnrates the exponential constant in (136), argning for example as in [F] pp. 451-453. 
The point is that as e —)■ 0 we have 






A\Vu 


ellL’’ 


= ^UJn-1 log 


1 


/// 

We note that the resnlts in [CY] and [Ci] were also obtained for smooth domains with 
hnitely many conical singnlarities, in which case the sharp constant is n(0n) , where 9q 

is the minimnm solid apertnre of the cones at the singnlarities. Needless to say, a resnlt 
like Theorem 23 also holds nnder this more general sitnation, with the same sharp constant 
nida)^. 


6. Appendix 


In this section we complete the proof of Theorem 3. 
Let 


Liy)=( / (t){xf'dx] < ||(/)||/3' = II/1I/3' = II/I1/3' < 1. 


In what follows we will repeatedly make nse of the following ineqnalities 

r,9 hd' 

{a-\-hY < I32d~^[a^~^hab<—-\-—, a, b > 0 

jj jJ 

/ ^ \ 9 rn ^ 

( < 1 -I- a. 

Note that if 0 < 2:1 < 2:2 < y we have 

g{x,y)ddx < j ( 1 -|-iLi(l-|-< 22 — 2:1-|-(Fa. 

Also, for z > y we have 


'■22 






g{x,y)ddx< / ^'^C2dx = ^ C2 = C4 

J y P 
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and 


/ g{x, y)^dx < a J. 

J —OO 

Next, we note that for y > 0 Holder’s ineqnality implies 

F{y) >y- f g{x, y)^dx > y - (y + C 3 + C 4 + aj) 

J —OO ^ ' 

> -C 3 -C 4 - aJ. 

From now on let 

d* =C3 + C4 + aJ. 

Now let for A G M 

Ex = {y>0: F{y) < A} 
and let ns prove that there exists snch that 


( 137 ) 


|£aI <C5(|A| + (r) (138) 

Proceeding as in [A] and [FMl], it’s enongh to prove that there exists Cq snch that for any 
A G M 

2 /I 52/2 £-E'a, y2 > Vi > Cq{\X\ + d*) y2 — yi < Cq{\X\ + d*) (139) 

indeed, if that is the case, then 

\Ex\ = \Exn{y:y< CedAI + d*)}\ + \Exn{y:y> CgdAI + d*)}\ 

< (FedAI Ad*) + snp {y 2 - Vi) 

y2 > yi > Ce (\\\+ d *) 

Vl , y2SE )^ 

< SCedA] + d*) 

which implies 3a. 

We now prove (139). If yi,y 2 £ Ex and |A| < yi < y 2 , then F{y 2 ) < A, so that 


( 2/2 - A) ^ < 



g{x, y)(f){x)dx 


< 




< {yi + d*)p + [(1/2 — yi + C3) P + ( 7 / ]F(yi) 



from which we deduce 

2/2 — A < yi + d* + {32^ ^ [{yi + d*)i^' (( 2/2 — Hi + ^^s)^ + C^)L{yi) + 

+ (( 2/2 — 2/1 + C's)^ + L{yi)^ 

< yi + d* + { 32 ^ ^ [(yi + d*)P' (( 2/2 — 2/1 + C'a)^ + Cj^L{yi) + 2 ^{y 2 — 2/1 + C'3)-^(2/i)^ + 2^(74 

(140) 


52 



Now we show that there exists C 7 such that 


iy^ + d*)Liy^f <Cj{\X\+d*) (141) 

Indeed, proceeding as above 

a 00 \ ^ \ ^ / 1 0/1 A \ 

<Ax,yi)<i>(x)dxj =(y ^.1 ) S ((S'! 

< ( 1,1 + d*)(l - L(yif] ^ [(!,, + d-)* (1 - L(yf)^CjL(yi) + CiLfei)'’] 

< (yi + d*) (1 - ^L{y^f) + cU‘i^~\yi + d*)J^L{y^) + 

or 

-x<d*- |r(yi + d^Hyif + ch‘^^~\yi + dn^Liy^) + (32d-^C,. 

1 

Letting ^ = {yi + d*)'^L{yi) the last inequality can be written as 


zd < Cs{z + A + d*) < + C'sdAI + d*) 


which proves (141). Back to (140) 


y 2 -yi<X + d* + iy 2 -yi + Cs)^ [/? 2 ^-'( 2 /i + d^r Hy^)] + / 32 d-^Ci {y^ + rf*)^L(yi) 

+ /322/3-i(y2 -y, + Cs)L{y^)d + C^/32^d-i 


<X + d* + 


* I 1/2 yi+Cs ^ i/d^d ) + ^ P2d-^c}cf {\X\ + d*)r 


< 


(5 /?' 

+ /122/3-i(y2 -y, + Cs)Liy^)d + C^p 2 '^d -1 
+ Cg{\X\ + d*) + Cio{y 2 — yi)L{yi)d 


(d 


so that 


y 2 - yi 

fd' 


<Cg{\X\+d*) + Ci^{y2-yi) 


|A| -\- d 
yi + d* 


* \ pf 


Taking yi > 2(d'Cii{\X\ + d*) gives 2/2 — 2/i < 2/l'C'ii(|A| +(i*), which is (140). 

To complete the proof we now estimate 

poo poo poo 

/ / \Ex\e-^dX< (C'sdAI + rf*))e“^hA < < (Tis (l + ajje 


/// 
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